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Abstract. Cartan's method of equivalence constructs the local invariants of 
geometric structures, realizing them as obstructions to symmetry; these in- 
variants generalize the familiar curvature invariant of a Riemannian structure. 
Here Cartan's method is recast in the language of Lie algebroids. The resulting 
formalism is fully invariant, for it is not only coordinate-free but model-fvee. 

Details are developed for transitive finite-type geometric structures but 
rudiments of the theory include intransitive structures (intransitive symmetry 
deformations). Detailed illustrations include subricmannian contact structures 
and conformal geometry. 



c'est la dissymetrie qui cree le phenomene — Pierre Curie, 1894. 
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1. Introduction 

This paper concerns the symmetries (isometries) of geometric structures, defined 
on smooth manifolds. Of particular interest are invariants arising as the local ob- 
structions to symmetry. In this context, the quintessential analytical tool is Elie 
Cartan's 'method of equivalence' which we recast in the language of Lie algebroids. 
To do so is exceedingly natural, from both theoretical and computational view- 
points. 

Context and scope. Cartan's method of equivalence makes its appearance in a 
famous paper of 1910 [5J; see also EJ [Til LTSl Qj] . The manifold of problems 
solved by the method include many at the heart of differential geometry, yet the 
method remains a tool of specialists. 

Even experts would appear to concede the unfriendly nature of the method's 
current theoretical basis, the following assessment being typical: 'The subject is so 
rich that a worker in the field is torn between the devil of the general theory and 
the angel of geometrical applications' [2]. 

Despite this view, the vision underpinning Cartan's method is simply this: 

Geometric structures are symmetries deformed by curvature. 

Here we are speaking of locally rigid geometric structures, i.e., those of finite type. 
This includes, for example, Riemannian and conformal structures, but not sym- 
plectic or complex ones. (Structures of infinite-type and the related Cartan-Kahler 
theory are not discussed here; see, e.g., [13].) Disappointingly, this elegant vision 
is mostly obscured in attempts to transform it into a computationally effective 
formalism. 

Lie algebroids are an attractive framework because they are an ideal marriage 
between Lie algebras (read 'infinitesimal symmetries') and tangent bundles (the 
basis of coordinate free-calculus), which they simultaneously generalize. Cartan's 
own student Ehrcsmann introduced their 'global' predecessor, Lie groupoids, as 
well as the subsequently more popular (but less invariant) principal bundles. See 
Ehresmann's papers of the 1950's collected in [9]. Principal bundles are the basis of 
the G-structure approach to Cartan's method (see below) . For more on groupoids 
versus principal bundles, see the historical notes in [15] . Recently the Lie algebroid 
point of view has led to a beautiful and deep generalization of Lie's Third Theorem 

Finite-type structures may be described as those structures having, at most, 
finite-dimensional symmetry. More abstractly, they are the structures admitting 
an associated Cartan algebroid. This is a certain Lie algebroid (and, in particular, 
a vector bundle) equipped with a linear connection suitably compatible with the 
algebroid structure. The curvature of this connection becomes the geometric struc- 
ture's local symmetry obstruction. Cartan algebroids were introduced in [1] and 
are described further in Sections [2] and [4] below. As we sketch in Appendix A, flat 
Cartan algebroids are a nice model of the infmitesimalizations of Lie pseudogroups. 

Intransitivity. It is widely recognized that Lie algebroids are well suited to the 
study of intransitive phenomena. Roughly speaking, a structure is intransitive if it 
possesses, as a fundamental invariant, a non-trivial, and possibly singular, foliation 
of the underlying space M. A basic example is the symplectic stratification of a 
Poisson structure (which is not, however, of finite type). Another is the foliation 
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by level sets of the energy function |||V|| 2 associated with a vector field V on a 
Riemannian manifold M (which is). 

A structure of finite-type is intransitive when it deforms an intransitive symme- 
try; the leaves of the invariant foliation are then 'deformed orbits.' Some finite- type 
structures frequently treated as transitive are actually intransitive in this sense, 
when invariantly formulated (the associated Cartan algebroid should be intransi- 
tive). For example, conformal structures are generically intransitive. Other exam- 
ples abound. 

There are two parts to Cartan's method: reduction and prolongation. Reduction 
methods which apply even in intransitive cases are described here, provided certain 
singularities are avoided. Although prolongation is also described in general, a 
detailed analysis is restricted to the transitive case. Limitations of our approach 
are described further at the end of Sect. [5) 

No models. Not only is the new approach coordinate-free, it is even model-bee. 
An example of a model is K™, equipped with its standard metric, relevant to Rie- 
mannian structures. Models are spaces which already possess a large (usually max- 
imal) and self-evident measure of symmetry. The traditional coordinate-free imple- 
mentation of Cartan's method identifies a geometric structure with a G-structure 
(see, e.g., (2Q1Q3]), this being a bundle of frames over the underlying manifold M. 
For a Riemannian structure, for example, this is the bundle of orthonormal frames. 
A 'frame' is an isomorphism between M™ and a tangent space T m M, and in the 
G-structure approach R" is generally the implicit model. 

In one version of Cartan's method one attempts to construct a Cartan geometry 
(see, e.g., [HI US]), either by starting with a G-structure, or using local 'gauges.' 
Alternatively, one can construct a sort of infinitesimal version of a Cartan geometry, 
known as an adjoint tractor bundle [4\ . In either construction the explicit model is 
a quotient of Lie groups G/H. All these formalisms are innately transitive because 
the underlying model is transitive. 

In any case, fixing a model means sacrificing some measure of invariance. (A 
roughly analogous loss of invariance occurs in fixing a point to define the funda- 
mental group of a topological space, an invariance that is recovered by switching 
to the fundamental groupoid.) The Lie algebroid approach dispenses with models 
by replacing the frames of a G-structure on M with infinitesimal, moving, relative 
frames. By a relative frame we mean an isomorphism between different tangent 
spaces of the same space M . 

Curvature. In a model-free approach 'curvature' assumes a subtly altered mean- 
ing. Generally, curvature has referred to the local deviation from the underlying 
model (typically W 1 ) which is fixed. In the Lie algebroid approach all potential 
models are created equal, and curvature merely measures the local deviation from 
some maximally symmetric space. From this point of view, Euclidean space, hyper- 
bolic space, and spheres, are all 'flat' Riemannian manifolds. If Cartan's method 
determines that a space is flat in the weaker sense, then the particular flat space 
one has at hand is simply part of the method's output. This is in contrast to 
model-based approaches where 'model mutation' (or something similar) might be 
needed to detect all possible cases [TB] . 

An infinitesimal theory. In the Lie algebroid approach described here the ba- 
sic object on which Cartan's method operates is called an infinitesimal geometric 
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structure. For a concrete structure, such as a tensor or differential operator, this 
is just a geometrization of the PDE's you solve to find the infinitesimal isometrics 
of the structure (the vector fields with flows leaving the structure invariant); more 
abstractly, it is the isotropy subalgebroid of the structure for certain natural jet- 
bundle 'representations.' The basic idea is explained in Sect. [2] Sect. \E\ goes into 
detail and gives numerous examples. 

Classical G-structures and Cartan geometries are global objects, rather than 
infinitesimal ones, and this makes them cumbersome in computations, a fact noted 
in 0]. Nevertheless, the global point of view is illuminating and some aspects in 
the present setting are sketched in Appendix [A"l 

Applications and prospects. This paper does not attempt substantially novel 
applications of Cartan's method of equivalence. We do expect the new approach to 
be especially helpful in dealing with intransitive — perhaps even singular — struc- 
tures. And we believe it is as easy as existing approaches to implement in practice. 
Readers can draw their own conclusions from detailed applications to subrieman- 
nian contact three-manifolds (Sect.fT0|) and conformal geometry (Sect.[T2|). In the 
case of subriemannian contact structures, we explicitly compute the fundamen- 
tal invariant differential operators, the general theory of these being addressed in 
Sect.H 

Some general results on 'first-order' structures, which include Riemannian struc- 
tures, appear in Sect.l9l (Theorems 19.41 and !9.5p . Affine structures furnish another 
simple illustration, appearing in Sect. 1111 

Notation. We use Alt k (V) = A k (V*) and Sym k (V) = S k (V*) to denote the spaces 
of K-valued alternating and symmetric /c-linear maps on a vector space V. Similar 
notation applies to the tensor algebra of a vector bundle E over M . If a is a section 
of E, then this is indicated by writing a E T(E) or uc£. Thus a C Alt 2 (TM) ®E 
means a is an i?-valued differential two-form on M. 

All constructions in this paper are made in the C°° category. 
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2. Resume of the Lie algebroid approach 

This section describes the main ingredients of the Lie algebroid approach to 
Cartan's method, focusing on the familiar example of Riemannian structures. Sub- 
sequent sections furnish details. 

2.1. First-order infinitesimal symmetry. Let M be a smooth n-dimensional 
manifold. We typically study a geometric structure on M by replacing it at each 
point with its first-order infinitesimal symmetries. Differential operators can be 
analyzed similarly but symmetries of higher order will apply, as we illustrate in !5.7l 

As an example, consider a Riemannian metric a on M. Call the 1-jet of a vector 
field V on M , evaluated at some point m 6 M, a 1-symmetry of er, whenever a 
has, at m G M, vanishing Lie derivative along V. Then the collection of all 1- 
symmetries is a subbundle gc J 1 (TM) and V is a genuine infinitesimal symmetry 
(Killing field) if and only if its first-order prolongation J X V is a section of g. The 
sections of J 1 (TM) of the form J 1 V for some V are called holonomic. Whence: 

(1) The Killing fields of a are in one-to-one correspondence with the holonomic 
sections of g. 

Moreover, as a can be recovered from g, up to a constant factor (see Proposition 
15. 3p . essentially nothing is lost by restricting attention to g. 

Our analysis of g takes as its point of departure the observation that g is a Lie 
algebroid over M (see definition below), as is the tangent bundle TM, and its first 
jet J'(TM). In fact, adopting the natural language associated with these objects, 
we have: 

(2) The bundle g C J l (TM) of 1- symmetries of a Riemannian metric a is the 
isotropy subalgebroid of a under the representation of J'(TM) on Sym (TM) 
determined by the adjoint representation of J'(TM) on TM. 

The terms 'isotropy' and 'adjoint representation' are natural generalizations to 
Lie algebroids of familiar Lie algebra notions. Lie algebroid representations are 
intimately linked with Cartan's infinitesimal moving frames. Consequently, they 
are an appropriate setting for the study of linear connections. All this is reviewed 
in Sect. [3] 

2.2. Lie algebroids. Recall that a Lie algebroid over M consists of a vector bundle 
over M, a Lie bracket [ • , • ] on the space of sections T(g), together with a vector 
bundle morphism #: g — > TM, called the anchor. One requires that the bracket 
satisfy a Leibnitz identity, 

[X, fY] = f[X,Y] + df(#X)Y, 

where / is an arbitrary smooth function. The tangent bundle TM, equipped 
with the Jacobi-Lie bracket on vector fields, and identity map as anchor, is a 
Lie algebroid; in the general case one demands that the induced map of sections 
#: L(g) — > T(TM) be a Lie algebra homomorphism. 

A Lie algebroid is transitive if its anchor is surjective. The image of the anchor is 
an integrable distribution. The leaves of the integrating foliation, which is possibly 
singular, are the orbits of the Lie algebroid. A subbundle h C 9 is a subalgebroid 
if L(f)) C r(jj) is a subalgebra. Lie algebras are simply the Lie algebroids over a 
single point. 
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2.3. Jet bundles. If g is any Lie algebroid over M with anchor #, then the vector 
bundle J k g of /c-jets of sections of g is another Lie algebroid. Its anchor is the 
composite 

J k g -» g ^ TM. 

Its bracket is uniquely determined by requiring that fcth-order prolongation 

J k :T(g)^T(J k g) 

be a morphism of Lie algebroids (but see also 13.51 below). One may view J k as a 
functor from the category of Lie algebroids to itself. See [8] . 

As this paper will demonstrate, many naturally occurring Lie algebroids in differ- 
ential geometry can be constructed from TM using just two operations: application 
of the prolongation functor J 1 ( • ); and passage to a subalgebroid. 

2.4. Action algebroids. When a Lie algebroid is equipped with a suitable con- 
nection, then we may view it as an infinitesimal symmetry deformed by curvature. 
We explain this now and in 12.51 below. 

Let go be a finite-dimensional Lie algebra with bracket [ • , ■ ] Bo acting smoothly 
on a manifold M. That is, prescribe some Lie algebra homomorphism p: go — * 
T(TM). We may regard such actions as abstract infinitesimal symmetries. The 
trivial bundle go x M over M has a natural Lie algebroid structure. This is the 
associated action (or transformation) algebroid. 

The anchor of this Lie algebroid is the 'action map' # : go x M — > TM sending 
(£, m) to p£(m). The Lie bracket on T(go x M) is a natural extension of the bracket 
on go, regarded as the subspace go C T(go x M) of constant sections. To describe 
it, let t( • , • ) denote the naive extension of this bracket, i.e., the one that is bilinear 
with respect to all smooth functions (and consequently not Leibnitz) : 

r(X,Y)(m) := [X(m),Y(m)] Bo ; X,Y e T(g x M). 

And let V denote the canonical flat connection on go x M. Then the Lie bracket 
on L(g x M) is defined by 

(1) [X,Y] := V #A -y- V #y A + r(A,y). 

2.5. Cartan algebroids. Once again, let g C J (TM) denote the bundle of 1- 
symmetries of a Riemannian metric a. Then we claim there exists a natural linear 
connection V^ 1 ) on g with the following properties: 

(1) A section of X C g is holonomic if and only if it is V' 1 ^ -parallel. 

(2) V^ 1 ) is compatible with the Lie algebroid structure of g. 

The proof of ([I]) rests on Cartan's method. Together with 12. ltf Tj) it implies: 

(3) The curvature of V^ 1 ^ is the sole local obstruction to symmetry, i.e., to the 
existence, locally, of Killing fields. 

A connection satisfying property ([2|) — made precise in Sect. [4] — is called a Cartan 
connection on g. A Lie algebroid g equipped with a Cartan connection is a Cartan 
algebroid. 

An action algebroid go x M, equipped with its canonical flat connection, is 
the most basic example of a Cartan algebroid. Conversely, an arbitrary Cartan 
algebroid g has the property that its parallel sections constitute a finite-dimensional 
subalgebra go C L(g) acting infinitesimally on the underlying manifold M. This 
determines an action algebroid which is in fact identifiable with a subalgebroid of g. 
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This 'symmetric part' of g coincides with g exactly when the Cartan connection on g 
is flat (Theorem l4.5[ Sect.|4|). Thus Cartan algebroids are infinitesimal symmetries 
deformed by curvature. 

We recall that a classical Cartan connection is flat precisely when the associated 
Cartan geometry is locally isomorphic to the underlying model G/H (on which the 
group G is acting transitively) [18\ Theorem 5.5.3]. Thus Cartan algebroids may 
be viewed as infinitesimal, model-free (and possibly intransitive) versions of Cartan 
geometries. 

Following is a concrete description of V*- 1 -*. It's existence is sketched in 12.101 
below, with details being deferred until 19.61 

The Levi-Cevita connection V associated with a amounts to a splitting of a 
canonical exact sequence, 

-> T*M ® TM <-> /(TM) -> TM -> 0, 

which leads to an identification g = TM © t), where t) C T*M CsS TM denotes the 
o(n)-bundle of all cr-skew-symmetric tangent space endomorphisms. This bundle is 
V-invariant. Then, 

V l u\v®4>) = (VuV + <f>{U)) ©(V^ + curvV^V)). 

With the help of Bianchi's identity, dv curv V = 0, one computes 

curv V (1) (C/i, U 2 )(V © <j>) = Q © (-(Vy curv V + • curv V)(E7i, U 2 )), 

implying that is flat if and only if curv V is both V-parallel and f)-invariant. 
As is well known, this condition is equivalent to pure, constant scalar curvature, 
or, equivalently to constant sectional curvature. Whence from ([3]) one recovers the 
standard criterion for maximal local homogeneity of a Riemannian manifold. 

2.6. Infinitesimal geometric structures and their symmetries. 

Infinitesimal geometric structures, as defined below, generalize the vector bundle of 
1-symmetries of a Riemannian metric described above. The notion is rather gen- 
eral, as we shall see in Sect. El which contains many examples, both transitive and 
intransitive. Infinitesimal geometric structures simultaneously generalize Cartan 
algebroids and (infinitesimal) G-structures. Infinitesimal geometric structures are 
this paper's central object of study. 

Definition. Let t be any Lie algebroid over M (the tangent bundle TM in the 
simplest case). Then an infinitesimal geometric structure on t is any subalgebroid 
c JH. 

Analogous to the Killing fields of a Riemannian structure are the symmetries of 
g. These are the sections V of t whose prolongations J X V are sections of g. The 
structure kernel of g is the kernel f) of the restriction 

a: g -> t 

of the projection J 1 t — » t, this morphism being the anchor of g when t = TM. 
This is the infinitesimal analogue of the structure group G of a G-structure. The 
structure kernel of g is a subalgebroid whenever it has constant rank. 

The image of g is the image of a. If a: g — ► t is surjective, we call g a surjective 
infinitesimal geometric structure. If t = TM , then 'surjective' is synonymous with 
'transitive.' For example, the bundle g C J X (TM) of 1-symmetries of a Riemannian 
metric is surjective (see 15. 31 for a proof). Every Poisson structure has an associated 
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infinitesimal geometric structure g C J l {T*M) which is surjective but generally 
not transitive; see ESI For a simple example of an infinitesimal geometric structure 
failing to be surjective, see 15.41 

The infinitesimal geometric structures corresponding to G-structures are always 
surjective; see 15.91 

Evidently, the symmetries of g are in one-to-one correspondence with the holo- 
nomic sections of g C J 1 t — those sections that are prolongations of something. 
Symmetries are necessarily sections of the image of g and are closed under Lie 
algebroid bracket. 

The guiding goal of this paper is to characterize the symmetries of 
infinitesimal geometric structures, and in particular to determine 
all local obstructions to their existence. 

Since locally equivalent infinitesimal geometric structures must have corresponding 
local obstructions to symmetry, this addresses the local 'Equivalence Problem.' 

Note that the notions of structure kernel, image, surjectivity, and symmetry all 
make sense for arbitrary subsets g C J 1 t. No further comment will accompany 
their application in this extended context. 

2.7. Cartan connections via generators. Cartan's method of equivalence at- 
tacks the obstruction problem by attempting to reduce it to a special case solved in 
the theorem below. To formulate the result, recall that the linear connections V on 
a vector bundle t are in one-to-one correspondence with the splittings s: t — > J 1 t 
of a natural exact sequence 

-> T*M <g> t ^ JH t -»■ 0. 

For details, see 13.31 We call V a generator of g C J 1 t if s(ti) C g, where ti C t 
denotes the image of g. Generators, discussed further in Sect.[6l are certain 'pre- 
ferred' connections, which generally exist but need not be unique. For example, the 
Levi-Cevita connection is a generator for the bundle g C J 1 (TM) of 1-symmetries 
of a Riemannian metric er, but so is any other connection whose 'dual' leaves a 
invariant; see 15.31 Generators are indispensable in explicit computations. 
In Sect. [6] we establish the following straightforward but crucial result: 

Theorem. Let g C J't fc an infinitesimal geometric structure and assume the 
projection a: g — > t has constant rank. Then g has a unique generator V if and 
only if it is surjective and has structure kernel f) = 0. In that case V is a Cartan 
connection on t whose parallel sections are precisely the symmetries of g. 

In particular, curv V then becomes the sole local obstruction to symmetry. 

2.8. An illustration: Unit vector fields on a Riemann surface. Let M be an 

oriented surface and consider the geometric structure on M consisting of a metric 
a and a vector field T with ||T|| = 1. The infinitesimal symmetries of this structure 
are the Killing fields of a commuting with T. In the terminology of 12. 6[ they are 
the symmetries of 

g := {J l V{m) \ (C v a)(m) = 0, [V,T]{m) = 0, m £ M, V C TM}. 

A little algebra shows that g C J 1 (TAf) is a surjective infinitesimal geometric 
structure with trivial structure kernel. For details, see 15.41 
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Let J denote the complex structure on M compatible with the metric a and the 
given orientation of M. Let Ki denote the curvature of the integral curves of T, 
i.e., the function on M giving us 

\7lf c N = K\T and V^" C T = -k x N, 

where V L_C is the Levi-Cevita connection and N := JT. Denote by k 2 the curvature 
of the integral curves of the orthogonal vector field N. (The two curvature functions 
are not independent but satisfy the equation 

k\ + k\ + dKi(N) - dK 2 (T) = K, 

where K is the Gaussian curvature of a.) Then 

(1) VuV := V\j c V + k(V)J(U) 

defines a generator of g, where k is the one-form with components ki,k 2 along 
T, N. To show V is a generator, it suffices to show that Ver = and VT = 0, 
where V is the 'dual' connection, VjjV := VjjV + [U, V}. 

According to the theorem above V is the only generator and its parallel sections 
are the symmetries of our structure. For maximal (two-dimensional) symmetry, we 
require curvV = 0. Using {T]) one derives the necessary and sufficient conditions, 

K i + K i = K - 

For example, if K = (M flat), the condition is that all integral curves of T be 
geodesies. 

2.9. Cartan's method. When geometric structures do not satisfy the hypotheses 
of Theorem 12.71 then one turns to Cartan's method of equivalence. This method is 
an algorithm with two fundamental operations: reduction and prolongation. In the 
present context they may be roughly described as follows. 

Let g C J 1 1 be an infinitesimal geometric structure and consider the equation 

whose solutions V C t are the symmetries of g; here C means 'is a section of.' In 
coordinates this equation is a system of first-order partial differential equations, 
linear in the derivatives. Reduction amounts to identifying coordinate changes that 
decouple certain of the equations from the others, these latter being rendered re- 
dundant. Prolongation means increasing the number of variables by introducing 
derivatives of the independent variables as new independent variables; new equa- 
tions are added to account for the equality of mixed partial derivatives. 

By applying a sufficient number of reductions and prolongations one attempts 
to transform 5 C J't into an infinitesimal geometric structure g' C JH' satisfy- 
ing the hypotheses of Theorem 12.71 and having symmetries in natural one-to-one 
correspondence with those of g. A specific algorithm is offered in 12. 141 below. 

2.10. Prolongation. In coordinate-free language, the prolongation of an infinites- 
imal geometric structure fl C J 1 t is a natural 'lift' of q to a subset Q^- 1 ' C J 1 g: 
noting that J 1 ^ is a subbundle of J 1 (J 1 t), and the existence of a natural inclusion 
JHc J x (JH), we define 

W := /jnA 

It turns out that is an infinitesimal geometric structure on g whenever g^ has 
constant rank. Most importantly, there is a one-to-one correspondence between 
symmetries of g and symmetries of g^\ furnished by prolongation of sections: 
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Proposition. A section W C t is a symmetry of q if and only if J X W C g is a 
symmetry of Q^- 1 ' . 

A proof and further details are given in Sect. [51 

As an example, consider once again the bundle g C J 1 (TM) of 1-symmetries of 
a Riemannian metric a. Then it is possible to show that C J 1 ^ is surjective 
with a trivial structure kernel. Replacing g and t in Theorem 12 . 71 with gW and g, 
one establishes establishes the existence of the Cartan connection V^ 1 - 1 in l2.5l above. 
as the unique generator of For details, see 19.61 

When g is transitive one can characterize the prolongation as the 'joint isotropy' 
of the projection a: g — > t, viewed as a section a C g* <S> t (the 'tautological one- 
form') and its exterior derivative da C Alt (g) (g) t (the 'torsion'). This is explained 
further in 18.31 The isotropy characterization greatly simplifies computations in 
the transitive case. The isotropy characterization is obtained from general consid- 
erations outlined in 18.21 and these should be useful in tackling intransitive cases 
as well. An in-depth analysis of the transitive case, suitable for making concrete 
computations, is given in Sect. 1111 

2.11. Reduction. Let g C JH be an infinitesimal geometric structure. By a re- 
duction of g we shall mean any subalgcbroid g' C g with the same symmetries 
as g; it suffices to check that symmetries of g are symmetries of g'. In contrast to 
prolongation, there is no unique way to construct reductions. Notice, however, that 
if g' C g is a reduction and g" C g merely a subalgebroid satisfying g' eg" C g, 
then g" is automatically a reduction of g also; we say g" is a cruder reduction than 
0'- 

We now describe the most important reduction techniques: elementary reduction 
and 0-reduction. 

2.12. Elementary reduction. Returning to Cartan's method described above, 
we emphasize that transitivity is not a hypothesis of Theorem 12. 71 (and that Cartan 
algebroids can be intransitive) . Rather, one requires surjectivity. If an infinitesimal 
geometric structure g C JH is not surjective, we may attempt to make it so by 
passing to the elementary reduction gi of g. By definition, 

gi :=gn JHx, 

where ti C t denotes the image of g. Assuming ti C t and gi C g have constant 
rank, they are subalgebroids. In particular, gi C JHi becomes an infinitesimal 
geometric structure. Moreover, one easily proves: 

Proposition. // the elementary reduction gi of g has constant rank then it is a 
reduction of g in the sense above. If g is surjective then gi = g. Conversely, if 
gi = g then g is contained in JHi and is surjective, as an infinitesimal geometric 
structure on t%. 

Because surjectivity is built into the definition of G-structures, elementary re- 
duction never appears in that context. Elementary reduction is described further 
in Sect. [71 together with a cruder alternative called image reduction. 

2.13. 0-reduction. If an infinitesimal geometric structure g C J l i is already sur- 
jective but has a non-trivial structure kernel, then, with a view to applying Theorem 
12 . TI one can try to shrink the kernel by prolonging (see above). However, the pro- 
longation g^ generally fails to be surjective itself. While one might attempt to 
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correct this by turning to the elementary reduction of g^ 1 ', there is an alternative 
that is computationally more attractive. One anticipates the lack of surjectivity 
of g^ 1 ) by first replacing g by its Q-reduction. By definition, this is the image of 
C J 1 g, i.e., the set g^ :— p(q^) C g, where p: J 1 g — > g is the natural projec- 
tion. The point is that 9-reductions can be computed without directly computing 
the larger space In Sect. [9] we prove: 

Proposition. If g^ and g^ have constant rank, then the Q-reduction g^ of g 
is a reduction of g in the sense of \2.11\ One has g^ 1 ' — Q if and only if g^ is 
surjective. 

Classically, 'reduction' has usually meant reduction by torsion, a notion we de- 
fine in 18.51 for arbitrary surjective infinitesimal geometric structures. If t = TM, 
then reduction by torsion coincides with O-reduction. More generally, however, 
torsion reduction is a cruder reduction technique. In some cases 0-reduction is not 
only more efficient but also more computationally convenient; conformal geometry 
(Sect. [12]) is a case in point. While 9-reductions are always defined, we have re- 
stricted their detailed analysis to the case of surjective structures over transitive 
Lie algebroids. This analysis appears in Sect. 111! 

2.14. A specific algorithm and its limitations. Before describing a specific 
algorithm, we define two auxiliary procedures. 

By Proposition 12.12] the following procedure, which we shall call surjectify g, 
forces g to be surjective: 

do while g is not surjective 

replace g with gi (elementary reduction) 
end do. 

Next, we let strongly surjectify g denote the following procedure making g and g^ 1 -* 
simultaneously surjective (by Propositions 12.121 and 12.13] ): 
do while g^ 1 ) is not surjective 
surjectify g 

replace g with g^ 1 ' (0-reduction) 
surjectify g 
end do. 

To describe an implementation of this procedure it evidently suffices to describe 
0-reduction in the special surjective case. 

We claim that one can implement Cartan's Method using elementary reduction 
and prolongation alone. In practice, however, it is generally easier to apply the 
following algorithm: 

surjectify g 

repeat until stop encountered 

if h = apply Theorem 12.71 and stop 

strongly surjectify g 

if t) = apply Theorem 12.71 and stop 

replace g with g^ (prolongation) 
end repeat. 

Notice that prolongation is delayed as long as possible. We now describe the ways 
in which the above algorithm can fail. 
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Firstly, an execution of surjectify g or strongly surjectify g could fail because g, at 
some iteration of these procedures' do-while loops, loses the constancy of its rank. 
While prolongation of g might resolve this kind of singularity (by recovering rank 
constancy), this requires a prolongation theory for 'variable rank Lie algebroids' 
(or Lie pseudoalgebras) which we do not provide here. Similarly, g might lose rank 
constancy at some iteration of the repeat-until loop of the main algorithm. 

Even if all singularities are successfully resolved, it may happen that no stop is 
ever encountered in the repeat-until loop, which then becomes perpetual. In that 
case we deem g to be of infinite type and must turn to Cartan-Kahler theory to 
proceed. 

Another possibility for failure concerns 0-reduction. In practice, it seems rather 
complicated to implement without making the added assumption that the base 
algebroid t of g C J t is transitive. 

One way to handle intransitivity and singularities might be to restrict, in some 
way, the infinitesimal geometric structure g to each orbit of t. This restriction 
will sit over a transitive base (this being a Lie algebroid over the orbit) but is not 
simply the pullback in the category of Lie algebroids, for one wants an infinitesimal 
geometric structure over the base, not merely a Lie algebroid. Also, one needs 
to understand how conclusions regarding the restricted structure combine with 
transverse information to solve the original problem. Fortunately, a splitting theory 
for Lie algebroids exists [10] and this possibly reduces the transverse problem to 
the case of an isolated singularity (zero-dimensional orbit). None of this is explored 
here. 

If the Cartan algorithm above succeeds it ends in an application of Theorem 1 2. 71 
this delivering a Cartan algebroid whose parallel sections are in natural one-to-one 
correspondence with the symmetries of g. We then say that g admits an associated 
Cartan algebroid. 

3. Representations and their deformations 

This section is a rapid review of the theory of connections, from the point of view 
of Lie algebroid representations, our main purpose being to establish notation and 
terminology. Of particular relevance will be the adjoint representation of J x g on 
a Lie algebroid g, and a concrete description of the bracket on J 1 g. We introduce 
associated connections, which are developed further in Sect. EH 

We hereafter assume the reader has a working knowledge of Lie groupoids and 
algebroids, referring her to [3] or [15j for background. 

3.1. Frames. The 'frames' in Cartan's 'method of moving frames' depend upon a 
Euclidean model of the space under consideration. The corresponding model-free 
notion is that of a relative frame. In a vector bundle E over M (e.g., E — TM), 
this is just a vector space isomorphism between two fibers of E. 

The collection of all relative frames constitutes a Lie groupoid GL(E) general- 
izing the automorphism group of a vector space (where M is a point). A repre- 
sentation of a groupoid G, on the vector bundle E, is just a groupoid morphism 
G — > Gh(E). Linear connections may be interpreted as infinitesimal representa- 
tions 'deformed by curvature.' This point of view leads simultaneously to the more 
general notion of a g-connection, defined in 13.21 below. Proposition 13.21 gives an 
'analytic' characterization of these connections, generalizing the usual one, which 
the reader may take as an alternative definition. 
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In the model-free setting, an 'infinitesimal moving frame' is an element of the 
Lie algebroid gl(E) of GL(E). This Lie algebroid may be viewed as a subbundlc 
of Hom( J 1 ^, E) (J 1 ^)* ®E. See, e.g., [T5] — where gl(E) is denoted V(E) - 
or pp. Its sections, when accordingly viewed as first-order differential operators, 
correspond precisely to the derivations of E, namely to those ]R-linear D: T(E) —> 
T(E) for which there exists a vector field V giving the rule 

D(fa) = fDo + df(V)a, 

which is to hold for all sections a of E and all functions / on M; one has V = #£>, 
where # is the anchor of gl(E). The kernel of this anchor is the Lie algebra 
bundle E* E C (J 1 E)* ® E. The Lie algebroid bracket on gl(E) is the operator 
commutator bracket; it extends the standard bracket on (sections of) E* (gi E: 

[X,Y] Bl{E) a = XYa-YXa. 

3.2. Lie algebroid representations and ^-connections. A representation of a 
Lie algebroid g on E is a morphism g — > sK-®) of Lie algebroids. When M is a 
single point one recovers the usual representations of a Lie algebra. Deforming the 
representation notion we arrive at the following: 

Definition. Let g be any Lie algebroid over M. A g-connection on a vector bundle 
E over M is a vector bundle morphism 

V: g^gl(E) 

that is not required to be a Lie algebroid morphism, but is nevertheless required to 
respect the anchors, #V = V#. 

Suppose A is a section of g. When the section V(A) of gl(E) C Hom(J 1 iJ, E) is to 
be viewed as a differential operator, we instead write Vx, i.e., VxV := \7(X)(J 1 V). 
In view of the preceding characterization of the sections of gi(E) as derivations, we 
have the Leibnitz identity 

Vx {fa) = /V x <t + df(#X)a; X c g, o c E. 

Conversely: 

Proposition. Every vector bundle morphism V: g — > Hom( J 1 E, E) that is Leib- 
nitz in the above sense is a g-connection. 

If V is a g-connection, then the formula 

curv V (A, Y) := [V(X),V(Y)] g[(E) - V( [X, Y] g ), 

defining the Lie algebroid curvature of the map V : g — > gl(E) takes a familiar form: 

curv V (A, Y)Z = V x Vy Z - Vy V X Z - V [X x] B z - 

The g-connection V is a g-representation when curv V = 0. 

Example. If g is a Lie algebroid and E C g is a subalgebroid contained in the 
kernel of its anchor then a canonical representation p of g on E is well defined 
by p x Y := [X, Y] g . Important cases in point are the kernel of the anchor itself, 
and the structure kernel of an infinitesimal geometric structure, when these have 
constant rank. 
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3.3. Linear connections. Using the language of the preceding discussion, a linear 
connection V on E is just a TM-connection on E, becoming a TM-representation 
when V is flat. It is an elementary fact that the linear connections on E are in 
one-to-one correspondence with the splittings s: E — > J l E of the exact sequence 

-> T*M ®E-^ J X E -> E -> 0. 

Here T*M (g> E <— > J l E is the inclusion which, as a map on sections, send|3 df ® a 
to f J 1 a — J 1 (fa). The splitting associated with a linear connection V on £ is, as 
a map on sections, given by 

(1) so = J l a + V<t; a c E. 

Here Vct C T*M ® E is defined by (Vit)(F) := Vycr. 

Of particular interest is the case where E is a Lie algebroid, discussed in !3.6l and 
Sect.ll 

3.4. The adjoint representation. If g is a Lie algebroid over M, then so is the 
associated bundle J 1 g of 1-jets of sections of g fsee !2.3|) . A god-given J 1 g-connection 
on Q, denoted ad fl , is well defined by 

ad B Jlx Y=[X,Y} g . 

Using the identity 

(1) [J 1 X,J 1 Y\ J x t = J 1 [X,Y\ a , 

one shows that ad B is even a representation of J l g on g. It is called the adjoint 
representation and generalizes the Lie algebra representations of the same name. 
We note that 

(2) ad£X = </>(#X); X C fl, 

for all sections 4> C T*M ®j C J x g. If a: g — * f) is a morphism of Lie algebroids, 
then one has the identity 

(3) a( ad°x) = adf Jla)e (aX); £ c J 1 ^ X c fl. 

3.5. The bracket on J 1 (-) of a Lie algebroid. Recall that the bracket on 
J x g is implicitly defined by the requirement l3.4tf Tj). With the help of the adjoint 
representation, we now describe this bracket concretely. 

Although the exact sequence 

(1) T*Af ® fl «^ J x fl -» fl -» 

possesses no canonical splitting, the corresponding exact sequence of section spaces, 

o -» t(t*m ® fl ) r(j 1 ) -» r( ) -» o, 

is split by J 1 : L(g) — > L(J 1 g), delivering a canonical identification 

l(j 1 ) sr(fl)©r(T*M® fl ). 

Under this identification, the Lie algebra r( J x g) is a semidirect product described 
in the proposition below. 



^An opposite sign convention is adopted in our paper [T] and elsewhere. The present convention 
avoids unpleasant sign changes in I3.4lf2^ and !3.5l(4t . 
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In addition to having the adjoint representation of J x g on g, we have a repre- 
sentation of J x g on TM, given by the composite 

t1 h A™ 

(2) J x ^ J\TM) — ► fl[(TM), 

i.e., J 1 A • F = V]; Icg,yc TM. 
So we can construct a natural representation of J^g on T*M £§> g; it is given by 

(3) ( J 1 A ■ <t>)V = [X, </>(V)] B - F]tm); V C TM. 

On the other hand, T*M ® g is the structure kernel of J x g so that J x g acts on 
T*M (gig via bracket; see the example in 13.21 A consequence of the following result 
is that these two representations coincide. 

Proposition. The subalgebroid T*M (g> g C J x g inherits the bracket 

(4) [4>uh]T^M m (V)=M*hV)-h(*<t>iV); V C TM, 

where # denotes the anchor of g. Sections of J l g are of the form J 1 A + <j> for 
uniquely determined sections A C g and <f> C T*M®g. The bracket on J l g is given 
by 

[J 1 A + </>, J X Y + 1>]ji B = J 1 [X, Y] g + J 1 A ■ -0 — J X Y ■ 4> + [0, 0]t*m» b , 
where the action of J x g on T*M £g> g is defined by (|3j). 

To prove the proposition one uses I3.4I[T] ) and the fact that sections of T*M ® g are 
finitely generated by those of the form df ® X = f J X X — J 1 (/A). 

3.6. Dual connections, torsion, and associated connections. Let g be a Lie 

algebroid and V a g-connection on itself. We define the dua7 of V to be the g- 
connection V* on g defined by 

V* X Y := V Y X+[X, Y\. 

One has 'duality' in the sense that V** = V. 

The torsion of V is the section, tor V, of Alt 2 (g) ® g measuring the difference 
between V and its dual: 

tor V (X, Y) := V X Y - V* X Y = V X Y - Vyl - [X, Y\. 

The torsion or curvature of V can be expressed in terms of the torsion and curvature 
of V* (and, by duality, vice versa): 

Proposition. Let V be a g-connection on g, and V* its dual. Then: 
(1) torV = -torV* 

J curvV(A, Y)Z = (V^torV*)(X,y) -curvV* (Z,X)Y 
| +curvV* (Z,Y)X; X,Y,Zdg. 



(2) 



We now introduce two important connections generalizing the dual of a linear 
connection on TM. They are examples of associated connections, defined more gen- 
erally in !6.3l Associated connections will be ubiquitous in our study of infinitesimal 
geometric structures. 

Let V be an arbitrary linear (i.e., TM-) connection on a Lie algebroid g. The 
associated g-connection on g is defined by 

V X Y = V #y A + [A,y] fl ; X, Y C g. 
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The associated g-conncction on TM is defined by 

Vx V = #VyX + F]tm; X c fl, V C TM. 

The anchor # : — > TM is equivariant with respect to these connections: Vx#Y = 
#VxY. If = TM both connections coincide with the dual of V. 

4. Cartan algebroids 

This section summarizes some results of [I] where Cartan algebroids were in- 
troduced. We also define the cocurvature of an arbitrary linear connection on a 
Lie algebroid, a notion to reappear in the context of generators of infinitesimal 
geometric structures. Some further remarks linking flat Cartan algebroids with Lie 
pseudogroups appear in Appendix [A"l 

4.1. Cartan connections. Let V be a linear connection on a Lie algebroid g. 
Then V is a Cartan connection if the corresponding splitting 

sv : -> J X Q 

(1) s\j<7 := JV + Ver: 

of the exact sequence of Lie algebroids, 

-» T*M ® <^ -> -> 0, 

is a Lie algebroid morphism. A Cartan algebroid is a Lie algebroid equipped with 
a Cartan connection. A morphism of Cartan algebroids is simply a connection- 
preserving morphism of the underlying Lie algebroids. 

It follows immediately from the definition that the 0-connections V on and 
TM, associated with a Cartan connection V, are flat i.e, are 0-representations. 
In particular, every Cartan algebroid has a canonical self-representation. For a 
converse statement, see the corollary below. 

We do not know any general existence results for Cartan connections on a pre- 
scribed Lie algebroid 0. If is a transitive subalgebroid of J 1 (TML and M is 
contractible, then existence follows from a general result of Mackenzie^ 15, Theo- 
rem 8.2.1]. Mackenzie's classification of Lie algebroid extensions probably delivers 
results more generally but we have not attempted such an analysis here. While 
Cartan's method of equivalence constructs Cartan connections, the Lie algebroid 
on which the connection is constructed is not under direct control, being prolonged 
or reduced as appropriate. 

4.2. Cocurvature. Associated with an arbitrary linear connection V on is what 
we call its cocurvature. This is a section of Alt 2 (0) ® T*M £g) 0, denoted cocurv V, 
measuring the lack of 'compatibility' of V with the Lie algebroid structure of 0: 

cocurv S/(X,Y)V := V V [X,Y] - [\7 V X,Y] - [X,V V Y] 

Here V denotes the associated 0-connection on TM; see 13.61 above. The name 
'cocurvature' comes from §E§ below. 

Define sv as in (PJ above. Then the description of the bracket on J 1 in 13.51 
establishes the result ([2|) below. The other conclusions of the following proposition 
are then straightforward. 



Warning: In the cited work 'connection' means splitting. 
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Proposition. 

(2) -cocurvV(X,Y) = curvs v (A,y) := [s v X,s v Y]jx g - 

(3) \7 is a Cartan connection if and only i/cocurv V = 0. 

(4) For any sections X,Y, Z C g and V C TM one has 



sv[X,Y] 



cocurvV(A, Y)#Z 
#cocurvV(X,F)y 



curvV {X,Y)Z, 
curvV(#A, #F)V, 



where V denotes the associated q- connection on q in the first formula, and on 
TM in the second. 
(5) In particular, if g — TM , then 



where V denotes the dual linear connection on TM . 
As simple consequences of (j4|) we have: 
Corollary. 

(6) Suppose q is transitive. Then V is a Cartan connection on g if and only if the 
associated ^-connection V on Q is flat. 

(7) Suppose q has an infective anchor. Then V is a Cartan connection if and only 
if the associated g-connection V on TM is fiat. 

Although we shall make no use of the fact here, it is worth remarking that a 
Cartan connection V on a transitive Lie algebroid g is uniquely determined by the 
corresponding self- representation V; see [TJ Proposition 6.1]. 

4.3. Basic examples of Cartan algebroids. We now list some elementary ex- 
amples of Cartan algebroids. Example ([7]) explains the choice of name 'Cartan 



(1) Every action algebroid g x M, equipped with its canonical flat connection V, 
is a Cartan algebroid. Locally this is the only flat example. See 14.51 below. 

(2) As we sketch in Appendix [5] every Lie pseudogroup of transformations in M 
has a flat Cartan algebroid as its infinitesimalization. 

(3) According to Proposition I4.2t( 5j) a linear connection V on TM is a Cartan 
connection if and only if its dual V* is flat, i.e., is an infinitesimal parallelism 
on M. By duality, every Cartan connection on TM arises as the dual of some 
infinitesimal parallelism. See also 15.51 

(4) If M is a Lie group, then the flat linear connection V on TM corresponding 
to left (or right) trivialization of TM is, as a special case of 10, a Cartan 
connection on TM. 

(5) The distribution D tangent to some regular foliation T on M is a subalgebroid 
of TM. According to Corollary |4.21[ 7]l. a linear connection V on D is a Cartan 
connection if and only if the D-connection V on TM, defined by \7jjV = 
V V U + [U, V], U C D, V C TM, is flat. 

(6) In 1 5 . 71 elementary arguments will show that every torsion-free linear connection 
V on TM determines a Cartan connection on J 1 (TM). The parallel sections 
of this Cartan connection are the prolonged infinitesimal isometries of V. 



cocurv V = — 



curv V, 



algebroid. 
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(7) Let M be a classical Cartan geometry modeled on some homogeneous space 
Go/ Ho (see, e.g., [18]). If tt: P — » M denotes the associated principal Hq- 
bundle, then according to [T], the vector bundle TP/ Ho is a Lie algebroid sup- 
porting a Cartan connection determined by the classical Cartan connection on 
P. (Note, however, that flatness of the former is not sufficient for flatness of the 
latter; see the work cited and our comments on curvature in the Introduction.) 

4.4. The symmetric part of a Cartan algebroid. An arbitrary Cartan alge- 
broid g has a canonical subalgebroid isomorphic to an action Lie algebroid. Indeed, 
let V denote the Cartan connection and let g C L(g) be the subspace of V- 
parallel sections, which is finite-dimensional. Then vanishing cocurvature ensures 
that go C r(g) is a Lie subalgebra, and we obtain an action of go on M given by 

0o x M -> TM 
(X,m) h-> #X(m). 

Equipping the action algebroid g x M with its canonical flat connection, we obtain 
a morphism of Cartan algebroids, 

(1) QoXM 

{X, m) i ► X(m). 

Assuming M is connected, this morphism is injective because V-parallel sections 
vanishing at a point vanish everywhere. We call the image of the monomorphism 
([l} the symmetric part of g. 

4.5. Curvature as the local obstruction to symmetry. A Cartan algebroid 
g is globally Rat if it is isomorphic to an action algebroid go x M, equipped with 
its canonical flat connection — or, equivalently, if it coincides with its symmetric 
part. We call g Sat if every point of M has an open neighborhood U on which the 
restriction g\jj is globally flat0 

The following theorem shows that a Cartan algebroid may be viewed as an 
infinitesimal symmetry deformed by curvature. 

Theorem ( 1 ). Let g be a Cartan algebroid with Cartan connection V, defined 
over a connected manifold M. Then g is flat if and only if curv V = 0. When M 
is simply- connected, flatness already implies global flatness. 

In the globally flat case the bracket on the Lie algebra go of V -parallel sections 
is given by 

(1) K^W =torV(£,r?), 

where V denotes the associated representation of g on itself: 

V X Y = V# Y X + [X, Y}. 

Proof. The necessity of vanishing curvature is immediate. To establish the as- 
sertions in the first paragraph it suffices to show that I4.4I[T] ) is an isomorphism 
whenever curvV = and M is simply-connected. Indeed, in that case V deter- 
mines a trivialization of the bundle g in which constant sections correspond to the 
V-parallel sections of g — that is, to elements of go. In particular, go x M and g 
will have the same rank, implying the monomorphism |4.41[ T|) is an isomorphism. 



'In pQ we used symmetric and locally symmetric in place of globally flat and flat, respectively. 
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The formula |T]) holds in the globally flat case because it holds for any action 
algebroid, as is readily established. (In 12.41 one has tor V = t.) □ 

Example. Every Lie group possesses a dual pair of flat linear connections V, V* 
corresponding to the left and right trivializations of the tangent bundle (see I4.3t |4"l) 
above). Conversely whenever a simply-connected manifold M supports a linear 
connection V on TM such that V and its dual V* are simultaneously flat, then V 
is a flat Cartan connection on TM and the theorem above delivers an isomorphism 
TM = go x M, where 90 is the Lie algebra of V-parallel vector fields. This iso- 
morphism amounts to a go- valued Mauer-Cartan form on M, integrating to a Lie 
group structure under a suitable completeness hypothesis. The Lie bracket on go 
is given by [U, V] = - tor V(U,V). 

For the application of Theorem 14.51 to examples 14. 3115] ) and I4.3t l7|) , see [T] . 

5. Examples of infinitesimal geometric structures 

This section describes several examples of infinitesimal geometric structures, 
including those associated with Riemannian structures, Poisson structures, affine 
structures, projective structures, arbitrary G-structures, and Cartan algebroids. 
From our description of affine structures, it will be clear how one may associate an 
infinitesimal geometric structure with an arbitrary (but suitably regular) differential 
operator on M. Since every classical Cartan geometry has an associated Cartan 
algebroid (see I4.3l| 7|) above) every such geometry has an associated infinitesimal 
geometric structure as well. A simple example of a non-surjective infinitesimal 
geometric structure is given in 15.41 

Conformal structures and subriemannian contact structures are described sepa- 
rately in Sections[T2] and [TU] 

5.1. Isotropy. Most infinitesimal geometric structures occurring in nature are best 
understood as isotropy (or joint isotropy) subalgebroids, of certain jet-bundle repre- 
sentations. In the case of Riemannian geometry it is the isotropy of the Riemannian 
metric a C Sym 2 (TM), i.e., of a section of some vector bundle; in conformal ge- 
ometry, it is the isotropy of a rank-one subbundle (a) C Sym 2 (TM); in projective 
geometry, it is the isotropy of an affine subbundle of J X (TM)* ® T*M ® TM. The 
following definition of isotropy is general enough to cover all these possibilities. 

Let p: g — » gl(E) denote some representation of a Lie algebroid g. Let E C E 
denote any affine subbundle of E (a single section of E in the simplest case) and 
So C E the corresponding vector subbundle parallel to E (resp., the zero section). 
Then the isotropy of E is the collection of all elements x £ q for which 

a C E =>■ p x a G E , 

for arbitrary local sections a C E; here p x a :— p(x)(J 1 a(m)) where m S M is the 
base point of x. 

The isotropy of E is a subset of g intersecting fibers in subspaces whose dimen- 
sions may vary, i.e., is a 'variable-rank subbundle'; sections of this bundle are closed 
under the bracket of g. When this rank is constant the isotropy is a bona fide sub- 
bundle and consequently a subalgebroid, called the isotropy subalgebroid of E. A 
section X of g is then a section of the isotropy if and only if px<J is a section of Eo 
for all sections a C E. 
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5.2. On structure kernels. Let f) denote its structure kernel of an infinitesimal 
geometric structure g C J t. Since JH -> t has kernel T*M<g>t, we have f) C T*M®t. 
If f) has constant rank, then f) C T*M eg) t is a subalgebroid. Since T*M ® t is totally 
intransitive, this simply means \)(m) is a subalgebra of T^M ® t(m) at each point 
to G M, which is also true in the variable rank case. In classical parlance, each 
fiber of f) is a tableau [2]. Recall from Proposition 13. 51 that the bracket on T*M ® t 
is given by 

[<t>u<t>2\T*M®i{U) = MM2U) - MMiU); U C TM. 

5.3. Riemannian structures. The adjoint representation of J 1 (TM) on TM de- 
termines a representation of J 1 (TM) on Sym (TM): A section X C J X (TM) acts 
on a section c C Sym 2 (TM) according to 

(1) (X ■ a)(V u V 2 ) := C #x {v{Vx,V 2 )) - a(ad™ V U V 2 ) - a^, ad™ V 2 ). 

Since this simply means J 1 V , (7 = £yer, the isotropy g C J 1 (TM) of a Riemannian 
metric a C Sym 2 (TM) is indeed its associated bundle of 1-symmetries, as described 

According to flU, the subalgebroid T*M <g> TM C J X (TM) acts on Sym 2 (TM) 
via 

(0 • <r)(Vi, V 2 ) = -a(cj>Vi, V 2 ) - v(Vi, 4>V 2 ); C T*M ® TM. 

The structure kernel of g is the isotropy f) C T*M ® TAf of a under this restricted 
representation. So f) is the bundle of cr-skew-symmetric endomorphisms of tangent 
spaces, a Lie algebra bundle modeled on o(n), n := dimM. In particular, all 
conformally equivalent metrics give the same structure kernel. 

One way to see that g is surjective (i.e., transitive) is to apply the Algebraic 
Lemma fB. II to the morphism X 1— > X-a: J 1 (TM) — > Sym 2 (TM), whose kernel is g. 
On account of the surjectivity of the restriction <j) i-> <j)-a: T*M®TM — > Sym 2 (TM) 
of this morphism, the lemma delivers an exact sequence 

(2) -> f) g -» TM -> 0. 

Thus g C J 1 (TM) is surjective and has constant rank (making it a subalgebroid 
and thus an infinitesimal geometric structure). 

The lemma just applied is very useful in determining the image and structure 
kernel of infinitesimal geometric structures defined by isotropy. A less trivial ap- 
plication of Lemma IB. II appears in 15.41 below. Minimal comment will accompany 
subsequent applications. 

The symmetries of g (in the sense of 12.6(1 are the vector fields along which a has 
vanishing Lie derivative, i.e., its Killing fields. A generator of g (see l2.7j) is a linear 
connection V on TM such that a is V-parallel, where V denotes the dual of V. 
The Levi-Cevita connection is thus the unique torsion-free generator of g. 

From g one can recover the metric a up to a positive constant (not merely its 
conformal class). In the simply-connected case, slightly more is true: 

Proposition. Let t) C T*M ®TM denote the o(n)-bundle associated with an ar- 
bitrary conformal structure. Then on simply- connected open subsets of M , every 
surjective infinitesimal geometric structure g C J 1 (TM) having structure kernel fj 
is the isotropy subalgebroid of some Riemannian structure a in the given conformal 
class. This structure is uniquely determined up to a constant. 
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Proof. Suppose g C J x (TM) has structure kernel f) and let L C Sym 2 (TM) be 
the line bundle determined by the conformal structure. That is, L is the bundle 
of f)-invariant elements of Sym 2 (TM). The non- vanishing elements of L are either 
positive or negative definite. By Lemma IB. 21 L has a non-vanishing g-invariant 
section a, unique up to constant. Changing the sign of a if necessary, we obtain 
the sought after metric. □ 

The application of Cartan's method to Riemannian structures is given in 19.61 
In analogy with the Riemannian case, the isotropy subset g C J 1 (TM) of an 
arbitrary tensor on M is an infinitesimal geometric structure, whenever this isotropy 
has constant rank. Moreover, in important cases (e.g., complex and symplectic 
structures), this structure encodes all useful information (i.e., some analogue of the 
preceding proposition applies.) 

For structures defined by more than one tensor one considers the joint isotropy, 
defined by intersecting the individual isotropies. For example, for almost Kahler 
structures, one considers the joint isotropy of the symplectic and almost complex 
structures. Here is another example: 



5.4. Vector fields on a Riemannian manifold. Let V be a nowhere vanishing 
vector field on a Riemannian manifold M with metric a. The vector fields on M 
that are simultaneously infinitesimal isometries of a C Sym 2 (TM) and V C TM 
are the symmetries of the joint isotropy of a and V, with respect to representations 
of J X (TM) on Sym 2 (TM) and TM respectively. Denoting the isotropy of a alone 
by g C J 1 (TM) as above, g acts on TM by restricted adjoint action and the joint 
isotropy is the isotropy gy C g of V. 

The structure kernel of Qv is the o(n — l)-bundle of skew-symmetric tangent 
space endomorphisms infinitesimally fixing V (mapping V to 0). 

Proposition. The image of Qv is the distribution D c TM tangent to the level 
sets of\\\V\\ 2 . 

In particular, g has constant rank (is an infinitesimal geometric structure) if and 
only if V has constant length or | ||^|| 2 is a free of critical points; Qv is surjective 
(transitive) in the former case only. 



Proof. Applying Lemma fBTI to the morphism X >—* X ■ V: Q — > TM, of which Qv is 
the kernel, we deduce that D is the kernel of the morphism O making the following 
diagram commute: 

# 



TM 



*x-v 



TM > TM/V 1 - 

Let V be any generator of g (e.g., the Levi-Cevita connection) and s: TM — » 
g the corresponding splitting of ([2]) above. Then 0(f7) = sU ■ V mod V = 
VuV mod V , where V is the dual connection. Or, identifying TM/V 1 - with the 
trivial line bundle R x M, using V, we have Q(U) = a(V, VuV) = ^V v (a(V, V)) = 
d(\ ll^l| 2 )(C^)- Here we have used Ver = 0, which holds because V is a generator. 

□ 
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5.5. Parallelism. The simplest non-trivial example of an infinitesimal geometric 
structure is a transitive infinitesimal geometric structure g C J 1 (TM) having trivial 
structure kernel. In other words, g is a subalgebroid of J l (TM) mapped isomorphi- 
cally onto TM by the anchor # : J X (TM) -> TM. According to Theorem[2Jl g has 
a unique generator V that is a Cartan connection on TM. From our observations 
in l4.3l|3jl . the dual connection V is flat, i.e., an infinitesimal parallelism on M, and 
conversely all infinitesimal parallelisms arise in its way. 

When M is simply-connected the Lie algebroid morphism V: TM — * gl(TM) 
integrates to a Lie groupoid morphism M X M — > GL(TM), i.e., to an absolute 
parallelism on M (a trivialization of the tangent bundle). 

The symmetries of g are the V-parallel vector fields. When V comes from an 
absolute parallelism, viewed as some non-degenerate vector-valued 1-form oj on M, 
then g C J (TM) is the isotropy subalgebroid of oj, and a symmetry of g is a vector 
field along which oj has vanishing Lie derivative. 

5.6. Poisson structures. In general, the isotropy g c J (TM) of a Poisson tensor 
on M fails to have constant rank, and so fails to be an infinitesimal geometric 
structure on TM. Nevertheless, one can define an infinitesimal geometric structure 
on the cotangent bundle T*M , which the Poisson tensor makes into a Lie algebroid 
(see below). Although not transitive, this structure is surjective. 

Let oj be a symplectic structure on M and let # : T*M — > TM denote the inverse 
of v i— » oj(v, ■ ). Since # is an isomorphism, there is a unique bracket on T(T*M) 
making T*M into a Lie algebroid with anchor f/=. This bracket is given by 

(1) [a,[3} T *M = C #a f3-C #0 a + d(Il(a,[3)), a,/5e T(T*M), 

where C denotes Lie derivative and II is the Poisson tensor. This tensor is defined 
by IT(a,/3) := w(#a, #/3) and so satisfies 

(2) (a,#/3)=n(a,/3) a, [3 eT(T*M). 

More generally, |T]) defines a Lie algebroid structure on T*M for any Poisson mani- 
fold (M, LI) , with anchor # defined by @ . The symplectic leaves of II are precisely 
the orbits of the Lie algebroid T*M. 

An infinitesimal isometry of a Poisson manifold (M, IT) is a vector field V on 
M such that £yiT = 0. Poisson manifolds have an abundance of infinitesimal 
isometries. In particular, every closed 1-form a on M determines an infinitesimal 
isometry #a tangent to the symplectic leaves known as a local Hamiltonian vector 
Geld, or a Hamiltonian vector Geld if a is exact. 

It is not too difficult to establish the following result; see p] for some details: 

Proposition. Let g C J 1 (T*M) denote the kernel of the vector bundle morphism 
J X (T*M) — > Alt 2 (TM) whose corresponding map on sections sends J 1 a to da. 
Then g is a surjective infinitesimal geometric structure on T*M , with structure 
kernel Sym 2 (TM), whose symmetries are the closed one-forms on M . 

A linear connection V onT*M is a generator o/g if and only if the corresponding 
linear connection on TM is torsion free. Such a generator is a Cartan connection 
on T*M if and only if 

curv V (V, #a)f3 - curv V (V, #(3)a - (Vy(Vn))(a, f3) = 0, 

for all sections a,(3c T*M;V C TM. 
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If M is the dual of a Lie algebra, equipped with its Lie-Poisson structure (see, e.g., 
[TBI §10.1]), then the canonical flat linear connection V on T*M = M X M* is 
an example of a Cartan connection as described in the proposition. Up to certain 
momentum map equivariance obstructions, this is locally the only flat example [TJ 
Corollary 3.4]. 

5.7. Afflne structures. Any suitably non-degenerate, fcth-order, linear, differen- 
tial operator on M, defines an infinitesimal geometric structure g C J k+1 (TM) C 
j 1 (^j k (TM)). As a simple example, which will suffice to illustrate the general prin- 
ciple, we consider an affine structure on M, i.e., an arbitrary linear connection V 
on M, in which case k = 1. The relevant non-degeneracy condition is that the 
isotropy of the torsion of V should have constant rank; see below. 

View an affine structure V as a section of J^TM)* ® T*M ® TM, via 

V(JV, V) := VyIU; V, W C TM. 

In order to associate a natural isotropy subalgebroid with V, we begin with two ob- 
servations. First, ^{^{TM)) acts on J 1 {T M)* ®T*M ®T M because ^{^{TM)) 
acts on J 1 (TM) via adjoint action, and on TM via the composite 

J^J^TM)) ^ J\TM) &l(TM), 

i.e., J X X ■ W = ad™ W; X c J\TM), W C TM. 

Secondly, J 2 (TM) may be identified with a subalgebroid of J 1 (J 1 (TAf)) via the 
canonical embedding J 2 (TM) J 1 (J 1 (TM)) whose corresponding map on sec- 
tions sends J 2 V to J 1 (J 1 V). Combining the two observations, we obtain a natural 
action of J 2 (TM) on J X {TM)* <g> T*M <g> TM. 

Proposition. Let q C J 2 (TM) denote the isotropy o/V C J 1 (T M)* ®T*M ®T M , 
and t C J l (TM) the isotropy of tor V C Alt 2 (TM) ® TM. TTien: 

(1) TTie symmetries of Q are the prolonged infinitesimal isometries o/V. 

(2) The image of g C J 1 (J 1 (TM)) is t and g ftas trivial structure kernel. 

In particular, {2} implies that g C J 2 (TM) has constant rank (and is therefore 
an infinitesimal geometric structure on J 1 (TM)) if and only if t C J 1 (TM) has 
constant rank. 

Now t = J 1 (TAf) if and only if V is torsion- free (because \q\tm is a section of 
T*M TM C /(TM)). On account of ©, is surjective if and only if V is 
torsion- free. Applying Theorem 12. 7\ we obtain: 

Corollary, //tor V = 0, then the unique generator o/g is a Cartan connection 
on J 1 (TM) whose parallel sections are the prolonged infinitesimal isometries o/V. 

From an explicit formula for V' 1 ' one may completely characterize the obstructions 
to the existence of infinitesimal isometries; see 111.51 

Proof of proposition. Recall that a vector field U on M is an infinitesimal isometry 
of V if 

(3) [U, V V W] - V[uy]W - Vy[t/, W] = 0; V, W C TM, 

a condition that is second-order in U. Unravelling the definition of the representa- 
tions defined above, we may write this condition as 

J 1 (J 1 (C/))-V = 0. 
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It easily follows that J 1 U is a symmetry of g whenever U is an infinitesimal isometry 
ofV. 

Suppose, conversely, that X C J X (TM) is a symmetry of g, i.e., that J X X lies 
in g. This means: 

(4) J X X C J 2 {TM), 

(5) and J X X • V = 0. 

It is well known that (j4|) is equivalent to X C J 1 (TM) being holonomic (see Lemma 
I8.ip . So X = J 1 ?/, where {/ is an infinitesimal isometry, on account of (J5J), which 
reads J 1 (J 1 J7) • V = 0. This completes the proof of HJ. 

Let £ be any section of J 2 (TM). It is easy to check that the section £ • V C 
j!(TM)* ® T*M <g> TM is tensorial, i.e., drops to some section (f • V) v C T*M <g> 
T*M ® TM. Noting that g is then the kernel of the morphism 

J 2 (TM) -> T*M <g> T*M <8> TM, 
whose domain J 2 (TM) fits into an exact sequence 

-> Sym 2 (TM) ® TM ^ J 2 (TM) -> J l {TM) -> 0, 
one shows, by applying Lemma fB. 11 that g fits into a corresponding exact sequence 

O^O^g-^t^O. 

Here b is the restriction of the canonical projection J 2 (TM) — > J 1 (TM). This 
establishes ©. □ 

5.8. Projective structures. Recall that two linear connections V, V are projec- 
tively equivalent if their geodesies coincide as unparameterized curves. Equivalently 
their difference V — V, which may be viewed as a section of 

T*M ® T*M ® TM c J 1 (TM)* ® T*M ® TM, 

should take its values in the subbundle S := (Alt 2 (TM) ® TM) © j s (T*M) of 

T*M ® T*M ® TM = ( Alt 2 (TM) ® Tm) ( Sym 2 (TM) ® TM 



Here j s : r*M ->■ Sym 2 (TM) ® TM is the embedding defined by 

js(a)(V u V 2 ) := a(Vi)V 2 + a(V 2 )Vi. 

A projective structure is a projective equivalence class of linear connections; since 
So contains Alt 2 (TM) ® TM, each such class has a torsion- free representative V. 

Let V be a torsion-free linear connection on TM and (V) the corresponding pro- 
jective structure. To specify the structure it suffices to specify the affine subbundle 

V + S C J X (TM)* ® T*M ® TM, 

which we denote by (V) also. As explained in 15.71 above, we have J 2 (TM) C 
.^(^(TM)) acting on J 1 (TM)*®T*M®TM and can therefore define the isotropy 
g C J 2 (TM) of (V); see 15.11 Arguing as in the proof of Lemma l5T7lf Tj) . one shows 
that the symmetries of g are the prolonged infinitesimal isometries of (V). 

It is not hard to see that g has js(T*M) = T*M as structure kernel and in fact 
that 

g = 0v©is(™), 
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where gv C J 2 (TM) denotes the isotropy of V (denoted g in 15. 7|) . The Cartan 
connection V^ 1 -* on J 1 (TM) in Corollarv l5.7l is a generator of gv and consequently 
a generator of g as well. An explicit formula appears in 111.51 

5.9. G-structures. Let G be a subgroup of GL(n,R), where n is the dimension 
of M. A G-structure on M is a G-reduction P of the bundle of (absolute) frames 
on M; see, e.g., [14]. In particular, P is a principal G-bundle, so that g := TP/G 
is a transitive Lie algebroid over M, and the associated vector bundles of P are 
representations of g; see, e.g., [TS]. As P is a frame bundle, TM will be such a 
representation (see also below). That is, we have a Lie algebroid morphism 

ad 

q^q[{TM) S J 1 (TAT). 

This turns out to be injective, identifying g with a subalgebroid of J 1 (TM). This 
infinitesimal geometric structure on TM is surjective because g is transitive. 

The representation of g on TM may be described as follows. Identify sections X 
of g := TP/G with G-invariant vector fields on P, and use the tautological 1-form 
on P to identify sections V of TM with G-invariant R"-valued functions on P. 
Then X ■ V := CxV, where C denotes Lie derivative on P. 

5.10. Cartan algebroids as infinitesimal geometric structures. We have 
seen that all surjective infinitesimal geometric structures with trivial structure ker- 
nel define Cartan algebroids (Theorem l2.7[) . Conversely, if t is a Cartan algebroid 
with Cartan connection V, then g := sy(t) C J l i is a surjective infinitesimal geo- 
metric structure generated by V with trivial structure kernel. Here sy : t — > J 1 t is 
the splitting of 

-> T*M t ^ JH t ->■ 

determined by V. 

6. Generators and associated differential operators 

Picking a generator for an infinitesimal geometric structure g C JH allows us to 
identify g with the direct sum ti © f) of its image ti and its structure kernel f). This 
greatly facilitates computations. Generators are also the appropriate connections 
for which to develop all the usual formalisms of differential geometry: covariant 
differentiation, covariant exterior differentiation, Bianchi identities, etc. (It will be 
natural, however, to use the more encompassing descriptor 'associated' in place 
of 'covariant.') By virtue of I5.10| we obtain formalism for Cartan algebroids as a 
special case. 

The present section, rather formal in nature, can be scanned on a first reading. 
In 16.11 we address the existence and uniqueness of generators and prove the theo- 
rem in I2.7[ where generators were defined. In 16.21 we see how information about 
is encoded in ty, f), and V. The basic 'algebraic' invariants of an infinitesimal 
geometric structure g C J 1 1 are the vector bundles occurring as representations 
of g. Associated with these representations, and a choice of generator V, are the 
associated connections and associated differential operators, described in 16.31 The 
latter generalize the divergence, gradient, etc. of Riemannian geometry when V is 
the Levi-Cevita connection. In Sect. [10] we describe these objects for subrieman- 
nian contact three-manifolds. In principle, any invariant differential operator may 
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be expressed in terms of associated differential operators, at least in the case of sur- 
jective infinitesimal geometric structures. fn !6.4l we describe the associated exterior 
derivative, and in 16.51 analogues of the classical Bianchi identities. 

6.1. Basic properties of generators. Let g C JH be an infinitesimal geometric 
structure, with structure kernel f), and image ti C t. The projection g t is of 
constant rank if and only if fj C T*M eg) t (or equivalently t C ti) has constant rank 
(i.e., are subalgebroids). 

Proposition. If g — > t has constant rank then: 

(1) g admits a generator V. 

(2) V is unique if and only if g is surjective and f) = 0. 

(3) Every V -parallel section of t\ is a symmetry of g. 

Proof of proposition and Theorem \2. 7[ The constant rank hypothesis means that 

— » f) — » g t x — » 

is an exact sequence of vector bundles. Assuming M is paracompact, it possesses 
a splitting s: ti — > g which can be extended to a splitting s: t — > JH of 

(4) -v T*M <8> i ^ JH -► t -»■ 0. 

To prove let V be the corresponding linear connection on t. 

Conclusion Q follows readily from the correspondence between connections on 
t and splitting of ([4]). To prove (|3|), let s: t— > JH be the splitting corresponding to 
a generator V, i.e., sV = J X V + W. Then if V C ti is V-parallel then J 1 !/ = sV. 
Since sV lies in g, by the definition of generators, we conclude V is a symmetry. 

Assume V is a generator and \) — Suppose that V C t is a symmetry, i.e., 
J 1 ^ = sV — VV is a section of g. Then sV C g because V is a generator, implying 
VV^ C g. So W C (T*Af ® t) n g = f) = 0. Symmetries are thus V-parallel. This, 
together with ([3|), establishes Theorem 12.71 □ 

In the remainder of this section it is tacitly assumed that all infinitesimal geo- 
metric structures have constant rank in the sense above. 

6.2. Reconstructing geometric structures from generators. Knowing the 
structure kernel f), image ti, and a generator V of an infinitesimal geometric struc- 
ture g C JH determines it completely: the splitting determined by the generator 
determines a vector bundle isomorphism g = ti © f) and the induced Lie algebroid 
structure on ti © f) can be explicitly written down; see (j4|) below. 

It is not difficult to characterize those linear connections V on t occurring as 
generators of infinitesimal geometric structures. Let t be an arbitrary Lie algebroid, 
f) a subalgebroid of T*M ®tC JH, and V an arbitrary linear connection on t. Let 
ti C t be an arbitrary subalgebroid. We define a ti-connection V on T*M O t in 
the obvious way: 

(1) iy v( f>)(U) = W(0(C/))-0(Vv(C/)); V C ti, C f), U C TM. 

Here V on the right-hand side denotes the associated t-connections on t and TM 
respectively, as defined in 13.61 From the formula s\>V = J X V 4- W and the 
characterization of cocurvature I4.2t[ 2|). one readily obtains: 
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Proposition. A linear connection V on a Lie algebroid t is a generator of some 
infinitesimal geometric structure g C t with structure kernel t) and image ti C t if 
and only if: 

(2) t) C T*M ® t is V -invariant, i.e., Vv4> C f) for all sections V C ti and C f); 
and 

(3) cocurv V (Vi, V2) C t) /or a/Z sections V\, V% C ti- 

// g C JH is suc/i an infinitesimal geometric structure, then the Lie algebroid 
structure of Q = ti © f) is given &?/ 

f #(^©^) = #^ 

(4) J [^iffi^!,^©^] = 

[ [Vi, 7 2 ] tl © ([^i,0a]ft + Wifo - Vy a 0i - cocurv V(Vi, y 2 )). 
We recall that cocurvature was defined in 14.21 

6.3. Associated connections and differential operators. Let g C J l t be an 

infinitesimal geometric structure with structure kernel t), image ti C t, and V a 
generator of g. Then for each representation E of g, i.e., for each Lie algebroid mor- 
phism p: g — > gl(E), we have an associated ti-connection V on E (a t-connection 
on E if g is surjective). By definition, this is the composite ti g A gl(E), 
where sy : t — » JH is the splitting of l6.H| 4")) corresponding to V. 

Examples. 

(1) Taking g := J 1 t and p = ad', we obtain 

VuV = & d l SvU V = ad'jH, V + adU V, 
i.e., VuV = V# v U+[U,V} t ; U, V C t. 

This is the associated t-connection on t defined already in 13.61 

(2) Let g := J 1 t act on TM via the composite 

Tljl A™ 

JH ^ J\TM) — ► gl(TM). 

Then we similarly compute 

VuW = #W W U + [#U, W] TM ; U cl,W c TM. 

This is the associated t-connection on TM defined in 13.61 

(3) An arbitrary infinitesimal geometric structure g C J 1 1 acts on its structure 
kernel t) via bracket: pxY := [X,Y] S . (Here we are assuming that I) has 
constant rank.) The associated ti-connection on f) is simply the connection V 
appearing in Proposition 16.21 and satisfying 16. 2l fTj). 

(4) If g C J 1 1 is an infinitesimal geometric structure and V a linear connection on 
g (rather than t) then V generates J x q, which acts on t via the composite 

where a: g — > t is the projection. The associated g-connection V on t is given 
by VxW — aV#wX + [aX, W]i. For an application, see lll.ll 

Let a g-tensor be any section a C E of a g-representation E. Then, by the 
definition of the associated connections, we have: 

Proposition. A g-tensor is g-invariant if and only if it is simultaneously ^-invariant 
and V -parallel. 
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The associated derivative of a g-tensor a £ T(E) is defined to be Vcr 6 T(t* <S> E), 
where V is the associated ti-connection on E. Assume g is image-reduced] by this 
we mean that ti C t is invariant under the adjoint action of g C JH, which is true, 
for example, if g is surjective. (Image reduction is described in 17. 11 ) Then ti is a 
g-representation, implying V<r is another g-tensor. That is, the g-tensors will be 
closed under associated derivative. In particular, the derivative can be iterated to 
obtain higher order differential operators. 

Additionally supposing that all g-representations may be direct-sum decomposed 
into g-representations coming from some collection Ei (i £ /) of irreducible ones, 
we have 

® Ei = E nn © E ni2 © E ni3 © • ■ • (finitely many non-zero terms), 

for some riy S /, and obtain a corresponding decomposition, 

V|r(Ej) = d a © d i2 © d i3 © • • • . 

We call the differential operators dij : T(Ei) — > T(E nij ) S /) the associated dif- 
ferential operators] all differential operators which can be constructed algebraically 
out of associated connections V are combinations of these basic ones. 

If there is a canonical way in which to choose the generator V then the associated 
differential operators become invariant differential operators associated with the 
infinitesimal geometric structure g. Significant cases in point are: 

(5) The case where t is a Cartan algebroid discussed in l5.10l Here g-representations 
are just t-representations because g = t. 

(6) The case where the generator V of g is unique, i.e., Theorem 12.71 applies, re- 
ducing the situation to case © above. 

(7) The case where torsion tor V has a natural 'normalization'; see 18.41 

For invariant differential operators associated with subriemannian contact 3-manifolds, 
see Sect.HOI 

6.4. The associated exterior derivative. Let g C J 1 t be an infinitesimal geo- 
metric structure with structure kernel f). Then a differential form of type g and 
degree k is a section 9 C Alt fc (ti) ® E, where ti C t is the image of g and E some 
g-representation. (We use ti, rather than t, to ensure {2J below.) The exterior 
derivative C Alt fc (ti) ® E of 9 is defined in the obvious way. For example, 

d^9{Ui) := y Ut 9, forfc^O, 

and d^9 (U U U 2 ) :=VuMU2)) -V U2 (9(Ui)) ~ 0([U 1 ,U 2 }t 1 ), for k = 1. 

Wedge products of g-type differential forms are likewise defined by familiar formu- 
las. 

The principal invariants of the generator V are the g-type differential forms 
T C Alt 2 (ti) ® t and ft C Alt 2 (ti) ® f), obtained by restricting tor V C Alt 2 (t) <8> t 
and — cocurv V C Alt 2 (t) (g) T*M (g> t to ti (note carefully the minus sign). 

Proposition. 

(1) If 9\ and 9 2 are Q-type differential forms, then 

d v {9 1 A 2 ) = d v 9 x A9 2 + (-l) fe 9 X A dy6 2 , 
where k is the degree of 9\ . 



CARTAN'S METHOD OF EQUIVALENCE 



2!) 



(2) For any Q-type differential form 9, we have 

a%9 = Q A 6. 

Here the wedge implies a contraction <p® a i— > <f> ' 17 '■ ® E — > E , defined by the 
representation of f) on E. 

Proof of ([2]) . The general case can easily be reduced to the k = case that we 
prove now. Letting s: t — ► JH denote the splitting of I6.1t |4|) determined by V, we 
compute, for arbitrary U\,U 2 C tj., 

a%6 (U u U 2 ) = Vu.VuJ - VuSuJ - V {UMl 6 

= sUi ■ {sU 2 ■ 0) - sU 2 ■ {sll 1 ■ 9) - s[Ui, U 2 ] tl ■ 9 

= (sU t ■ (sU 2 ■ 9) - sU 2 ■ {sU x ■ 9) - [sU u sU 2 ] 5 ■ 9) 

-cocurvV(t7i,E/2)-0, bv OB2l 

= + n(Ui,U 3 ) -6. 

□ 

6.5. Bianchi identities. Generalizing the classical situation, the Bianchi identities 
below exhibit certain algebraic and differential dependencies between T and O, 
rooted in the equality of mixed partial derivatives. First, since T — d-^i, where 
i C t* ® t denotes the inclusion ti C t, We deduce from Q above, 

(1) d^T = riAi. 

Next, assume q admits a representation E for which the restricted representation 
t) — > Ql(E) is faithful (injective), and let 9 C E be a section, viewed as a g-type 
differential form of degree zero. Then, combining parts ([1]) and of the preceding 
proposition, we obtain d^9 — d^il A 9 + il A d^9. Applying part @ again, we 
conclude that A 9 = 0. Since 9 is arbitrary and rj acts faithfully on E, we 
obtain 

(2) dyfl = 0. 

A little manipulation allows us to write and @ in the form 

(3) (V U3 T)(U 1 ,U 2 ) + T(T(U 1 ,U 2 ),U 3 ) 

+ n(U u U 2 )#U 3 + 1-2-3-cyclic terms = (Bianchi I), 

(4) (Wu 3 mui,u 2 ) + n(T(u u u 2 ),u 3 ) 

+ 1-2-3-cyclic terms = (Bianchi II). 

Example. If V is the Cartan Connection on some Lie algebroid t and g C JH 
the corresponding infinitesimal geometric structure (see 15 . 10[) then T = tor V and 
O = 0. Bianchi I becomes 

(Vtr 3 torV)(E/i, U 2 ) + tor V(tor V(Ui, U 2 ), U 3 ) + 1-2-3-cyclic terms = 0. 

7. Elementary reduction and image reduction 

In this section we study elementary reduction, which was introduced in 12.121 as 
well as a cruder alternative we call image reduction. These techniques are useful 
when an infinitesimal geometric structures fails to be surjective. A simple applica- 
tion to smooth functions on a Riemannian three-manifold is included. 



30 



ANTHONY D. BLAOM 



7.1. Image reduction. Let g C JH be an infinitesimal geometric structure with 
structure kernel f) C T*M (g> t and image ti C t. Assume f) (or equivalently ti) has 
constant rank. Then the image reduction of g is simply the isotropy g tl C J*g of 
ti C t, under the adjoint representation of g C J i on t. It is not hard to show 
that image reduction is cruder than elementary reduction, as defined in 12. 121 and 
described further below. Nevertheless, it is usually easier to apply image reduction 
and this may simplify the subsequent application of elementary reduction. 

7.2. Elementary reduction. With g C JH, f), and ti as above, let gi denote the 
elementary reduction of g (see l2.12| ). The structure kernel of gi is 

f)i :=hn(T*M®ti). 

One can compute the image t2 C ti of gi if one knows a generator V of g: 

Proposition. There is vector bundle morphism 

ti ±* (T*M ® t)/(T*M ® ti + f)), 
whose corresponding map of section spaces is 

U^VU mod (T*M ®ti + h). 

The morphism b is independent of the choice of generator V and ker b = t2 . 

Proof. Begin by observing that the one-jet J 1 U{m) <E jHi lies in g if and only if 
VJ7(m) lies in t). So we define a morphism 

JHi (T*M ®t)/t), 

which on sections is the map J 1 !/ 1— > VU mod f), and have gi = kerB. The 
proposition now follows from an application of Lemma lB.ll to the morphism B; one 
uses the fact that the sequence 

T*M ® ti T*M ® i T*M ® t 

~* b ' & " T*M i ti + f) ^ 

is exact. □ 

Remark. A significant simplification occurs if f)i = f), i.e., if f) C T*Af ® t lies 
entirely within T*M ® ti . Then we may view b as the map 

ti ±>T*M® (t/ti) 
6(ZJ)F = Vy[/ mod t x . 

In particular, the proposition will imply that gi = g if and only if ti is V-invariant. 
In that case V drops to a linear connection on ti which generates g, as a surjective 
infinitesimal geometric structure on ti. 

7.3. Functions on a Riemannian three-manifold. As an illustration, consider 
the (infinitesimal) symmetries of a smooth function / on an oriented Riemannian 
three-manifold M, with metric a. By symmetries, we mean the Killing fields of 
a preserving /. In the terminology of 12. 6( these are the symmetries of the joint 
isotropy 

(j\TM)) aJ C J\TM) 
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of a and /, under the relevant representations determined by the adjoint represen- 
tation of J 1 (TM) on TM. Any such symmetry must also preserve df, and so we 
have an immediate reduction, 

(1) (J^TM^j^fCJ^TM). 

Let E := ^|| grad/|| 2 denote the "energy" of / (grad/ := a^ 1 (df)), and assume 
that df and dE are everywhere linearly independent. It follows that the connected 
components of the joint level-sets of / and E constitute a rank-one foliation on M. 
We denote by T the unit vector field tangent to this foliation, directed so as to 
make {T, grad /, grad E} positively oriented. 

The reduction in fl} has a rank-one structure kernel, spanned by a section J C 
T*M<S)TM , defined as follows: Viewing J as a vector bundle morphism TM — > TM, 
we ask that J(grad/) = 0, that J(kerdf) C kerdf, and that J restricted to each 
level set of / is the unique complex structure compatible with the restricted metric, 
and such that {T, JT, grad/} has positive orientation. 

Using Lemma IB. 11 it is not hard to see that the left-hand side of ([I]) is an 
infinitesimal geometric structure with image (T) = kerdf f) kerdE. We therefore 
pass to its image-reduction, i.e., the joint isotropy, 

g:= {j\TM)) aJidUT) dJ\TM). 

We observe that g has trivial structure kernel, f) = 0, and image ti :— (T). To see 
this one applies Lemma IB. II to the morphism, 

J 1 (TM)^ Ldf -,TM/(T) 
X^&dxT mod (T), 

which has g as kernel. 

As g itself is evidently stable under image-reduction, we now turn to elementary 
reduction. By Proposition 16.11 9 has a generator V. Because T spans the image of 
= {J 1 {TM)) aif ^ d f^ T ), we must have 

V T o- = 0, , V T grad / = and V T T C (T) , 

where VjjV :— VyU + [U, V]. From these identities we may deduce 

(2) V T T = 0, 

(3) V JT T=[JT,T], 

(4) V grad/ T= [grad/,T]. 

Assume that the image t 2 C (T) of the elementary reduction gi of g has constant 
rank. Then either t 2 = 0, in which case g± = and there is no possibility for 
symmetry, or t 2 = (T), in which case gi = g. (Note here that the structure kernel 
of g is already trivial). According to Remark 17. 2\ we are in the latter case when 
(T) is V-invariant. Necessary and sufficient conditions, following from ©-(jl]), are: 

(5) [JT,T]c(T) and [grad/, T] C (T). 

Under these conditions, V descends to a Cartan connection on the line bundle (T), 
whose curvature is the obstruction to the existence of a Killing filed preserving / 
(lying necessarily along (T)). As it turns out, this curvature generally has a single 
non-trivial component, curv V( JT, grad /), which the interested reader is invited 
to compute. 
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The brackets in condition ([5]) can be expressed in terms of the Levi-Cevita con- 
nection (e.g., [JT, T] = Vj^T - VjT c JT), which leads to the equivalent condition 
that the rank-two distributions (JT) 1 - and T 1 - be integrable and geodesic, respec- 
tively. (A distribution is geodesic if it has trivial second fundamental form) . 

8. Prolongation and torsion 

The prolongation of an infinitesimal geometric structure g C J 1 ! is a natural 'lift' 
to an infinitesimal geometric structure g*- 1 ) C g, the latter having as symmetries the 
prolongation of symmetries of g. To facilitate computations we characterize g« as 
the joint isotropy of a tautological one-form a and its 'torsion' da. These tensors 
are analogues of classical objects bearing the same name but the characterization 
is only valid when g is transitive. 

This section includes the reformulation of several classical constructions associ- 
ated with torsion. 

8.1. Prolongation. Let t be an arbitrary vector bundle over M. Then there 
is a natural inclusion of vector bundles J 2 t J 1 (J 1 !) which takes J 2 W(m) to 
J 1 (J 1 W / )(m). As a basic fact one has the following: 

Lemma. For any section J C JH, X is holonomic if and only if J 1 A C J 2 t. 
Proof. See Appendix IB. 41 □ 

Let g C J 1 t be an arbitrary subset. Then J 1 q C J 1 (J 1 t) and we define the 
prolongation gW of g by 

(l) g^'^AnA 

In particular, we have (J 1 t)W = J 2 t. 

Now suppose t is a Lie algebroid and let g C J 1 1 be an infinitesimal geometric 
structure on t. Then J 2 t C J 1 (J 1 t) is a subalgebroid, implying g^ is an infinites- 
imal geometric structure on g whenever g^ has constant rank. Let W C t be a 
symmetry of g. Then a straightforward consequence of definitions is that J 1 W is 
a section of g and, moreover, a symmetry of g^ 1 ). In fact, it is a consequence of the 
lemma above that all symmetries of g^ 1 ^ arise in this way: 

Proposition. A section W C t is a symmetry of g if and only if J X W C g is a 
symmetry o/gW. 

Since J : T(t) — > T(J 1 t) is injective, this establishes a one-to-one correspondence 
between the symmetries of g and those of gW. 

8.2. More on J 2 t as a subbundle of J^jH)). The definition of gW is difficult 
to work with unless one has the right characterization of J 2 t, as a subbundle of 
J 1 (J 1 t). In this section we characterize J 2 t C J 1 (J 1 t) as the kernel of a natural 
morphism J?t — > Alt 2 (TM) ® t, where J?t C J 1 (J 1 t) is a larger subbundle that is 
itself the kernel of a natural morphism J 1 (J 1 t) — * T*M (g) t. This characterization 
holds for an arbitrary vector bundle t over M. 

Define a differential operator 

V : T( JH) -> T(T*M ® t) 
by VX := X - J l {pX), 
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where a: J t — ► t is the natural projection. We call T> the deviation of X. Notice 
that X is holonomic if and only if VX = 0. Also, T><p = <f> for all sections <j> C 
T*M ® t C JH. We write V V X := (DJQV, for V C TM and have a Leibnitz-type 
identity 

(1) Vv(fX) = fV v X + df(V)aX, 

for arbitrary smooth functions / on M. 

The above construction, holding for arbitrary t, may be applied in the particular 
case that t is replaced by J 1 1. This delivers an operator T(J 1 (J 1 t)) — » T*M (g) JH 
which will also be denoted X>. In the formulas above the projection a gets replaced 
by the natural projection p: J 1 (J 1 t) — > J t. 

Proposition (Characterization of J 2 t C J 1 (J 1 t) as a kernel). For an arbitrary 
vector bundle t, one has J 2 t = kerw2, where 

oj 2 - J\i—> Alt 2 (TM) (g) t 

is a vector bundle morphism well defined by 

faZWiM) := V Vl V Va £ - V V2 V Vl i - aV [VuVa] £. 

Here Jli C J 1 (J 1 t)) is i/ie kernel of the vector bundle morphism 

U3 X : J^JH) -> T*M®JH, 

well defined by 

(wiOV:=2V(pe)-oXVC. 

In this proposition some "D's are operators T(J 1 t) — » T(T*M g) t), while others are 
operators T(J 1 (J 1 t)) — > T(T*M ® J 1 t). All ambiguity is mitigated by the context. 

Since the proposition above is just a general fact about vector bundles, its proof 
is relegated to Appendix IB. 41 

8.3. Torsion. We now return to the case that g is an infinitesimal geometric struc- 
ture on a Lie algebroid t. Applying the general results of the preceding section we 
obtain a characterization of g^ as an isotropy subalgebroid. 

Regard the restriction a: g — > t of JH — > t as a t- valued jj-form of degree one; 
this is the tautological one- form. The adjoint representation of J 1 1 on t restricts to 
a representation of q on t. So the exterior derivative da is a well defined t-valued 
g-form, of degree two. This is the torsion of the structure. Explicitly, 

da{X 1 ,X 2 ) = ad i Xl (aX 2 )-ad i X9 (aX 1 )-a[X u X 2 ]. 

Now a and da are sections of g* (g> t and Alt 2 (g) (£> t, respectively. We get represen- 
tations of J x g on these spaces by taking J x g to act on g via adjoint action, and on 
t via the composite 

i.e., J X X ■ W = ad l pX W; X C g, W C t. 

Here p: J x g — > g denotes the canonical projection. We can accordingly define 
subsets of J x g, 

{J 1 S)a '■= isotropy of a, and {J 1 g)da '■= isotropy of da. 

Proposition. If g is transitive, then its prolongation is the joint isotropy of a 
and da, i.e., = (J 1 g) atda ■= (J 1 g)a H (J 1 g)da C J X Q. 
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Remark. If g is intransitive, then (J 1 g) a ,da generally has too much symmetry to 
be the prolongation of g: every section of F) C T*M ® t annihilating tangent vectors 
in the image of the anchor g — > TM turns out to be a symmetry of (J 1 g) a ,da 
that is not a symmetry of gy^ . 

The proposition is an easy corollary of Proposition 18. 21 and the following obser- 
vation: 

Lemma. Let g C JH be a (possible intransitive) infinitesimal geometric structure 
on t and let T> denote the deviation operator discussed in !8.2l Then for an arbitrary 
section £ C J x g, one has 

(1) (£-a)X = V #x {pO - aV #x ^ and 

(2) (£ ■ da)(X 1 ,X 2 ) = d(£ ■ «) + V #Xl V #x ^ - V#x 2 V# Xl £ - aV [#Xu#x ^. 
Here X, Xi,X2 C g are arbitrary sections. 

Proof of Lemma. Begin by observing that 

(f • a )(Jf) = ad^(aX) - a(ad£ X). 

Since a: g — > t is a Lie algebroid morphism, the identity [3.4l| 3"]) gives us a(ad£ X) — 
ad(ji a v(aX), and so 

(£-a)(X)=ad^_ (Jla)? (aX). 

Note here that J a: J 1 ^ — > JH is the morphism sending J 1 X(m) to J 1 (aX)(m). 
Because p£ — ( J 1 a)£ is a section of the kernel of JH — > t, we may view it as a section 
of T*M <8> t and, applying l3Tl|2"|) , obtain 

(3) (£-a)(X) = (p£-(J 1 a)0(#^). 

On the other hand, since £ = we have (J x a)£ = J x {ap£) + {J x a)(V£), 

implying 

pe-(J 1 a)e = C(pe)-(J 1 a)(2?0, 

(pe-(J 1 o)e)v = iv(pe)-axve, vctm. 

Combining this with gives ([T]). 

It is not too difficult to show that ^ ■ da — d(£ ■ da) whenever £ is holonomic. 
Therefore 

because J 1 ^) = £ — T>£. We now compute 

£ • da = (J x (pO • da 

= J 1 ^) • da+ (X>£) • da 

= d(£ • a) - d(X>£ • a) + X>£ • da. 

Note that (D£ ■ a)X = -V #x £. 

The proof of ([2]) now proceeds in a straightforward way, applying the kind of 
manipulations encountered already in the proof of ((!]) and is omitted. □ 

The remainder of the section describes, in Lie algebroid language, some classical 
constructions related to torsion. We will require the additional assumption that 
g C J 1 ! is surjective. We continue to denote the structure kernel of g by f). 
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8.4. Normalizing torsion and the upper coboundary morphism. Identify 
g with t © (j by choosing a generator V of g. Then we obtain a corresponding 
identification, 

Alt 2 (g) »ts( Alt 2 (t) © t) © (V © f)* © t) © ( Alt 2 (f)) © t) , 
and a corresponding splitting of the torsion 

da = tor V © ev©0. 

Here V denotes the associated t-connection on t and ev is just evaluation, ev(V © 
4>) := 4>{V). Notice that tor V is the only component of da depending on the choice 
of generator. Given two generators V 1 and V 2 , their difference V 2 — V 1 may be 
viewed as a section of t* © f) and one readily computes 

(1) torV 2 = torV 1 +A(V 2 -V 1 ), 

where A denotes the upper coboundary morphism, defined as the composite 

t« s ^ t * © t*m © t id ®*'® id , r © r © t ^ Ait 2 (t) © t. 

Here #* : T*M -> t* is the dual of the anchor # : t -> TM and A(a © /3) := a A /). 
This morphism is one version of Spencer's coboundary morphism (see, e.g., j!3j). 
For another, see 19. II As an elementary consequence of ([T]) above, we obtain: 

Proposition. If C C Alt 2 (t) © t is a complement for the image of A, then there 
exists a generator V such that torV C C. If A is injective, then this generator is 
unique. 

Note that there is no need to require that C be g-invariant. 

8.5. Intrinsic torsion and torsion reduction. Mimicking a classical construc- 
tion, we define the torsion bundle, 

Alt 2 (t) ©t 



im A 

1-2/ 



and call the image t of tor V, under the map T(Alt (t) ©t) — > T(H(g)), induced by 
the projection Alt 2 (t)©t — » H(q), the intrinsic torsion of g. By ([1]), r is independent 
of the choice of generator, i.e., is an invariant of q. Since A is g-equi variant, H(q) 
is a g-representation whenever it is a bona fide vector bundle (has constant rank) . 
In that case we can define the isotropy g T C g of r. This is the torsion reduction 
of g and is indeed a reduction, as we show in 19.31 



9. 6-REDUCTION 

Let g C J 1 1 be an infinitesimal geometric structure with structure kernel f) and 
let C J 1 g be its prolongation. Recall that the Q-reduction of g is simply the 
image of gW. We will denote it by g^ . If and g^ 1 ' have constant rank then 
g^ is evidently a subalgebroid of g. Proposition 18.11 shows that the symmetries 
of g are automatically symmetries of g^ C g. So g^ 1 -* is indeed a reduction, as 
claimed in Proposition ^. 131 

For our purposes we may as well assume that g is surjective; see 12.141 For 
simplicity however, we strengthen this requirement: 
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Assumption. In this section g C J 1 t is a surjective infinitesimal geometric struc- 
ture over a transitive Lie algebroid t. In particular, g is transitive. Being a surjec- 
tive, g has a structure kernel f) of constant rank and g admits generators (Proposi- 
tion ohd ) . 

Our chief objective is a characterization of the O-reduction gj 1 ' that does not require 
an explicit knowledge of . 

9.1. The lower coboundary morphism. As in torsion reduction, a 'coboundary 
morphism' plays a central role in 0-reduction. However, unless t = TM, the upper 
coboundary morphism A, defined in 18.41 is not the appropriate one. Rather, we 
need the lower coboundary morphism 6, defined as the composite 

T*M <g> f) ^ T*M ® T*M <g> t Alt 2 (TAf) ® t, 

where A(a <S> ($) '■— a A f3. This morphism is also a morphism of g-representations. 

As we assume t is transitive, we may, by dualizing the anchor map # : t — > TAf , 
regard T*M as a subbundle of t* , and obtain natural inclusions 

T*M ® f) ^ t* (8» f) 

Alt 2 (TM) <g> t Alt 2 (t) ® t. 

With this understanding, we may regard (5: T*Af (g> f) -» Alt 2 (TAf) ® t as the 
restriction of the upper coboundary morphism A: t* <g> fj — > Alt 2 (t) €5 1 defined in 



The analogue of the torsion bundle H(q) defined in 18.41 is the (variable-rank) 
bundle 

Alt 2 (TM)<g)t 

He) ■= : — j • 

imo 

Whenever h(g) is a genuine vector bundle (has constant rank), it is a g-representation. 
There is evidently a natural morphism ip : /i(g) — > if (g) making the following dia- 
gram commute: 

Alt 2 (TAf)®t /i(g) 



^ 1 ^ inclusion^ 

Alt 2 (t)®t ► #(g) 

/ im A 

Note that i/' need not be injective. 

9.2. The characterization of g^. The significance of the bundle h(g) is the 
existence of a natural morphism 9: g — * h(g) such that g^ = ker0. (This is the 
origin of our terminology '6-reduction.') Recalling that g^ 1 ' := (J 1 g) a H (J 1 g)da, 
our construction of O begins with the following observation: 

(1) The isotropy (J 1 g) a C J 1 g is a surjective infinitesimal geometric structure with 
structure kernel T*M ® f). 

Proof. It is not difficult to see that (J x g)a is the kernel of 

£ -» - (J 1 ^ 
J x g -> T*M ® t, 
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where p: J 1 g — > g is the projection. This follows from the transitivity of g and, 
e.g.. I8.3l[ 3|). One establishes ([I]) by applying Lemma fB. II to this morphism. □ 

Now gW is the kernel of the morphism £ i— ► f • da: (J 1 g) a — > Alt 2 (g) ® t. However, 
it follows from l8.3[ j2|) and transitivity that: 

(2) For any £ S ( J 1 g) a , the element £ • da S Alt 2 (g) ® t is tensorial — i.e., drops to 
an element (£ • da) v £ Alt 2 (TM) <g> t. 

This means we may regard g^ 1 ) as the kernel of a morphism 

(J 1 g) a Alt 2 (TM)®t 
£~(£-da) v . 

According to ([1]), the domain of 9 fits into an exact sequence, 

-» T*M <g> f) (J 1 g) Q -» g -» 0. 
Applying Lemma lB.ll to the morphism 6, we obtain a corresponding exact sequence, 

-> ker<5 g (1) kcr8 -» 0, 
where is the unique morphism making the following diagram commute: 

(J 1 g)a ► g 



(3) 



Summarizing: 



Alt 2 (TM)®t h(g) 



Proposition. If 2 CI J t is surjective and t is transitive, then there is a natural 
morphism 8: g — > h(g), constructed above, such that 

0^kcr<5^g (1) ^ g h(&) 

is exact. In particular, the structure kernel of gW is i/ie kernel of the lower cobound- 
ary morphism 6, while the image g^ of (the O-reduction of g) is the kernel 
of 8. IfkerS and ker8 have constant rank then g^ 1 ' C J x g is an infinitesimal 
geometric structure. 

Remark. In concrete calculations it is often useful to think of ker S as the collection 
of all a e Sym 2 (TM) <g> t such that a(U, • ) C T*M ® t lies in f) for all [7 e TM. 

9.3. The relationship with torsion. By construction 8 is an invariant of g. 
However, the construction of 8 given here is not immediately useful in computa- 
tions. In Sect.[Tl]we describe 8 : g — > h(g) explicitly in terms of a generator V of g. 
As a byproduct, we will obtain a proof of the following link between 8-reduction 
and intrinsic torsion: 

Theorem. If g c JH is surjective, t is transitive, and H(g) has constant rank, 
then ip(Q(X)) = X ■ t. 

Here tp is the natural morphism ijj: h(g) — » H(g) defined in !9.1[ and r C H(g) is 
the intrinsic torsion, defined in 18.51 As a corollary we obtain the following result 
showing that torsion reduction is generally cruder than 8-reduction: 
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Corollary. Suppose that the torsion bundle H(g) has constant rank, so that the 
torsion reduction g T of g is well-defined. Then g^ C g r . In particular, if the lower 
coboundary morphism 8 has constant rank, and both g T and g^ have constant rank, 
then g T is a reduction of g in the sense of \2.11[ If t = TM then Id-reduction and 
torsion reduction coincide. 

Here the rank hypotheses and Proposition 19.21 ensure that has constant rank, 
so that Proposition 12.131 applies. However, the result presumably holds with a 
constant rank hypothesis on q t alone. 

9.4. Structures both surjective and 9-reduced. We say that g C JH is 0- 
reduced if it coincides with its ©-reduction. 

Theorem. Let § C JH fe a surjective infinitesimal geometric structure on a tran- 
sitive Lie algebroid t. Assume that q is Q-reduced (equivalently, that the map 
defined above vanishes). Assume that the associated lower coboundary morphism 6 
is infective. Then q has an associated Cartan algebroid, namely g itself, equipped 
with a canonical Cartan connection V' 1 '. The V^' -parallel sections of g coincide 
with the prolonged symmetries of g. 

Proof. Proposition 1 2 . 1 3l implies the prolongation g^ of g is surjective. In addition, 
g^ has trivial structure kernel, because we suppose 5 is injective (Proposition 19 . 2| ) . 
Applying Theorem 12.71 to the infinitesimal geometric structure g^ 1 ', we obtain a 
Cartan connection V*- 1 -* on g whose parallel sections are the symmetries of gW. 
These are nothing but the prolonged symmetries of g, by Proposition 18. II □ 

In Proposition 1 1 1 . il we characterize V^ 1 -* as the unique 'natural' connection on 
g whose curvature curv V^ 1 ' C Alt 2 (TM) <g>0* ®g takes values in f) C g. A general 
formula expressing V^ 1 ^ in terms of a generator of g will appear in lll.21 We preview 
this formula now in the special case t = TM. 

9.5. The special case t = TM. When t = TM, 0-reduction and torsion reduction 
are the same thing, as are the upper and lower coboundary morphisms, S and A. 
We now rewrite the above theorem accordingly, adding explicit information about 
the Cartan connection that we establish later in II 1 .41 

Here V will denote the dual of V, i.e., V V V = VyC/ + [U,V]. We call g C 
J 1 (TM) reductive if A has constant rank and if the image of A admits a g-invariant 
complement C. We call the generator V normal if tor V C C for some such C. 
Proposition [83] guarantees the existence of normal generators when g is reductive. 

We call an arbitrary structure g C t torsion-reduced if g = g r , i.e., if the intrinsic 
torsion r is g-invariant. 

Theorem. Let g C J l (TM) be a transitive, torsion-reduced infinitesimal geometric 
structure, and suppose that the associated upper coboundary morphism A is injec- 
tive. Then g has an associated Cartan algebroid, namely g itself, equipped with a 
Cartan connection V*- 1 -* described below. The V^ 1 ^ -parallel sections of g coincide 
with the prolonged symmetries of g. 

Choose a generator V for g (equivalently, choose a complement for the image of 
A; see Proposition^^. Then: 

(1) The equation 

A(e(V © (j))) = V v tor V + (j) ■ tor V (V C TM, <$> C f) arbitrary) 
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has a unique solution morphism e: TM © f) — * T*M © i). 

(2) Identifying g with TM © f) using the generator, we have 

(V @4>) = (VuV + <j>(U)) © (Vc/0 + e(F © <j>)U + curv V(Z7, V)). 

(3) //g zs reductive, then e = /or any normal generator V. 

Assuming g is reductive, obstructions to symmetry are particularly simple to 
describe, as is the symmetry Lie algebra go in the globally flat ('maximally sym- 
metric') case. Indeed, in the reductive case one computes, with the help of I6.2[ |4"l) 
and the Bianchi identity dy curv V = 0, 

curvV (1) (C/i,E/ 2 )(Vffi0) = 0© ( - (VycurvV + 0-curvV)([/i,C/ 2 )), 

tor VW(Vi © 0i, V 2 © <fa) = 
(torVtVi,^) + 0i (V 2 ) -MVi))®( [<h,<hh - curv V(V U V 2 ) ). 

Here VW denotes the representation of g on itself associated with the Cartan 
connection V^ 1 - 1 on g. Applying Theorem 14.51 

Corollary. Let g C J 1 (TM) be a reductive infinitesimal geometric structure sat- 
isfying the hypotheses of the above theorem. Let IA C M be an arbitrary open set 
and go be the Lie algebra of all symmetries of q\IA. Then dim go ^ rankg. // U 
is simply- connected and V is a generator o/g| U, then equality holds if and only if 
curvV is both ^-invariant and V '-parallel. In that case go is naturally isomorphic 
to T m M © \)(m) (m G U arbitrary) with Lie bracket given by 

[V 1 (B<j)i,V 2 ®(f> 2 } 

= (torV(Fi, V 2 ) + MV 2 ) -<f> 2 {V x ))®{ [4>i, 2 ]„ + curv V(V X , V 2 ) ). 

9.6. The symmetries of Riemannian structures. Let g C J 1 (TM) denote the 
bundle of 1-symmetries of a Riemannian metric a, as described in detail in 15.31 
The upper coboundary morphism for g is a map 

T*M © \) ^ Alt 2 (TM) © TM, 

where f) C T*M © TM is the o(n)-bundle of all skew-symmetric tangent space 
endomorphisms. This morphism is well known to be an isomorphism. For example, 
using the metric a to make various identifications, we may view A as the map 

T*M © Alt 2 (TM) -» Alt 2 (TAf) © T*M 

ol © (ft A ft) i->- (a A ft) © ft - (a A /3 2 ) © ft, 

which has explicit inverse 

(ft A ft) © a h-> 1 ( ft © (ft A a) - ft © (ft A a) - a © (ft Aft)). 

Since A is an isomorphism g has, by Proposition 18. A\ a unique torsion- free gen- 
erator V; this is the Levi-Cevita connection. The intrinsic torsion vanishes because 
H(q) — 0, making g torsion-reduced. Also, g is trivially reductive. Applying The- 
orem we obtain the Cartan connection and related claims given in 12.51 
(We have V = V since tor V = 0.) 
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According to Corollarv l9.51 we are in the maximally symmetric case when curv V 
is both ^-invariant and V-parallel. According to a well-known representation- 
theoretic analysis of the curvature module, this happens if and only if 

curvV(Fi,F 2 ) = s((r(Fi)<8>F2-CT(F2)(g)F 1 ); V X ,V 2 G TM, 

for some constant s£l (the scalar curvature). The Lie algebra go of symmetries 
described in the corollary is then isomorphic to the Lie algebra of infinitesimal 
isometries of Euclidean space, hyperbolic space, or the sphere, according to whether 
s = 0, s < 0, or s > 0. 

10. SUBRIEMANNIAN CONTACT THREE-MANIFOLDS 

This section is an extended application of the general theory developed in the two 
preceding sections. It also includes a concrete construction of invariant differential 
operators, from the Lie algebroid representation viewpoint. 

Equip a three-dimensional manifold M with a rank-two subriemannian structure, 
i.e., a rank-two distribution TL C TM, together with a real fibre bundle inner 
product a C Sym 2 (H) on TL. We assume that TL is a contact distribution (see 
below); so equipped, M becomes a subriemannian contact three-manifold. This 
section describes the application of Cartan's method to such manifolds, a la Lie 
algebroids. For the G-structure approach, see K. Hughen's thesis [12] or [17] . 

Here we shall understand TL to be transversally orientable, and understand the 
specification of the subriemannian structure to include a specification of transverse 
orientation. This amounts to the choice of a non-unique, non-vanishing one-form 
9 annihilating TL. The contact hypothesis means that 9 is contact, i.e., d9 restricts 
to a symplectic structure on TL. 

The infinitesimal isometries of the subriemannian contact structure are the sym- 
metries of the infinitesimal geometric structure J X (TM )n,a, where J 1 (TAf)>^ C 
J^TM) is the isotropy of TL and ^(TM)^ C J^TAf)^ is the isotropy of cr; see 

o 

10.1. Preliminary reduction. The symplectic structure d9\H orients TL. Con- 
sequently, there is a well defined area form dA determined by the subriemannian 
metric a on TL. In fact, rescaling 9 by a positive function if necessary, we may ar- 
range dA = d9\TL. A contact form 9 normalized in this way is evidently an invariant 
of the subriemannian contact structure, implying that the isotropy 

S := J\TM) h ,„,m C JHTM)^ 
of d9 is a reduction of J 1 (TM)-h. -. (This reduction is in fact the first torsion- 
reduction of J l {TM)u,a.) 

The subriemannian metric a has a canonical extension to a bona fide Riemannian 
metric, defined as follows: Let n be the Reeb vector field associated with the 
normalized contact form 9. That is, 

d0{n, ■ ) = 0, 0(n) = 1. 

One extends a so as to make n orthogonal to TL and have unit length; then 9 = 
<r(n) := c(n, • ). The easy proof of the following is left to the reader. 

Proposition. The reduction g C J 1 (TAf) above coincides with the joint isotropy 
of the extended metric a and n: g = J l (TM) a n . 
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10.2. The complex structure on Ti. Let x denote the usual cross product deter- 
mined by the extended metric a and define J C T*M <g> TM by JU — n x U . Then 
J has kernel (n), image Ti, and the restriction of J to Ti is the complex structure 
on Ti relating the area form dA to the subriemannian metric a: 

dA(U u U 2 ) = a(JU u U 2 ); U^UiCH. 

Proposition, g C J X (TM) is a surjective infinitesimal geometric structure whose 
structure kernel f) C T*M ® TM is the globally trivial o(2)-bundle spanned by the 
^-invariant tensor J . 

Proof. Combine the characterization of g in Proposition 110.11 with the general ob- 
servations of 15.41 (with V := n). In particular, the surjectivity of g follows from 
Proposition Alternatively, one may directly apply Lemma IB. 11 in the manner 
already demonstrated several times. □ 

10.3. Normalizing torsion. By Proposition llO.il a linear connection V on TM 
generates g if and only if Vcr = and Vn = 0; here a denotes the extended metric 
and VuV := Vy£/ + [U, V}. Following the general discussion of 18.41 we now fix a 
natural choice of generator. As a byproduct, we obtain a concrete expression for 
the intrinsic torsion r C H(g). 

Let (Ti* Cg) Ti) sym C Ti* O Ti denote the rank-three subbundle consisting of endo- 
morphisms of fibres of Ti that are symmetric with respect to the metric a. 

Proposition. 

(1) g C J 1 (TM) is reductive, in the sense of \ 9.51 and has infective upper cobound- 
ary morphism A: T*M (g> f) -> Alt 2 (TM) <x> TM. 

(2) For any generator V of g, and all vector fields V C TM , we have V n n = 
and Vyn C Ti, allowing us to view Vn as a section ofTi* (£> Ti. 

(3) There exists a unique and normal generator V such that 

Vn C (Ti* ® H) sym and Va\Ti = 0. 

Here Va\Ti C Ti* <X>Sym 2 (Ti) denotes the restriction of Vct C T*M <x>Sym 2 (TM) . 
With V so fixed, we have: 

(4) The torsion tor V = — tor V is given by the formula, 

tor V(C/i + ain, C/ 2 + a 2 n) = (aiV[/ 2 n - a 2 V)7 1 n) + dA(U\, C/ 2 )n. 

Here Ui, U 2 6 Ti, a 1 ,a 2 £ M. 

(5) There exists a natural isomorphism of Q-representations, 

H(q) £ Alt 2 (TM) © (Ti* ® Ti) sym , 
with respect to which the intrinsic torsion of g takes the form, 

t = d9@ Vn. 

(6) The intrinsic torsion component Vn has the following geometric interpretation: 
It is a transverse derivative of the subriemannian metric a: 

a(V Vl n,U 2 ) = (Vn(r)(Ux,U 2 ); Ux^cH. 

The proposition is established by analyzing the coboundary morphism A in 
detail, identifying a natural g-invariant complement for its image, and applying 
Proposition 18.41 This analysis is not hard but a little tedious, and is relegated 
to IB.3I For the interested reader, we include there a formula for the normalized 
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generator V in terms of the Levi-Cevita connection associated with the extended 
metric a. 

10.4. Bianchi Identities and low weight differential operators. We shall 
write down Bianchi identities for the normalized generator V using certain natural 
invariant differential operators, the systematic construction of which is deferred to 
110.61 For now, we merely list those operators of "weight" two or less. 

Let J-(M) = r(M x M) denote the space of all smooth functions. Then we 
define d n : T{M) -> F(M), grad„ : F{M) -> T(H), and div n : T{H) -> T{M) in a 
familiar way: 

d a f := df(n), 
grad w / := a-\df\n), div H U := trace(W|W). 

Additionally, it is convenient to write curl-^ U := divn(JU). 

Next, let H 2 C (H* <8> H) sym denote the rank-two subbundlc of trace-free ele- 
ments. Equivalently, TL 2 consists of those elements of H* ®TL that are C-antilinear: 
TL 2 := H* c ®c "H. Like H, Ti 2 is a g-representation and a complex line-bundle. 
However, while adjU — ill, for U C Ti. (by definition), we have, for q C H 2 , 
(adj q)U = J(qU) - q(JU) = 2J(qU), i.e., adj q = 2iq. 

We are now ready to define two invariant operators <9+ : T(Tl) — > r(7i 2 ) and 
cL : r(W 2 ) -> r(W) according to 

(fl + ^)v = i(vv^ + ^Vjvtr), 

(Vc/w)^ - (V^q)^ = dA(U ll U 2 )d_q. 

Associated with the normalized generator V of g are its two fundamental invari- 
ants T :— tor V and f2 := cocurv V = — curv V, which satisfy the Bianchi identities 
I6.5lf 3|) and I6.5lj 4|) . Of course these are also invariants of the subriemannian contact 
structure. According to ll0.3l[4|) . T depends only on the previously identified invari- 
ant Vn. As it turns out, one component of Jl is a new invariant function. Recalling 
that Q(U ll U 2 ) C fj for all Ui,U 2 C TM (Proposition O©) and that dA spans 
A\t 2 (H), there is a real- valued function k well defined by 

(1) Cl(JJ 1 ,U 2 )U 3 = - K dA(U 1 ,U 2 )JU 3 ; UuU 3 ,U 3 cH. 

Proposition (Bianchi identities). 

(2) trace(Vn) = 0, i.e., VncH 2 . 

(3) 9 n K = -icurl w (a_(Vn)). 

(4) The cocurvature of V is given by 

Cl(Ui + ain, U 2 + a 2 n)(£/ 3 + a 3 n) = 

( - K dA{U u U 2 ) + ia(cL(Vn), a x U 2 - a 2 U 1 )) ) JU 3 ; 

Ui, U 2 , U 3 G H, ai,a 2 ,a 3 G R. 

Proof. Proposition 110. 3t |4")) states that 

T{Ux + ain, U 2 + a 2 n) = (oiVj/ 2 n - agV^n) + cL4(f/i, Z7 2 )n. 
A little multilinear algebra determines that SI has the general form 

Q(Ui + a 1 n,£/ 2 + a 2 n)(£/ 3 + a 3 n) = - ( « cL4(?7i, C/ 2 ) + w(aiC/ 2 - a 2 C/i) J J77 3 , 
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for some section co C H* and some k as above. The Bianchi identities I6.5l[ 3|) and 
I6.5t|4|) are equations in bundle- valued three-forms. An arbitrary three-form A on M 
vanishes if and only if A(f7 l5 U%, n) = for all sections U\, U 2 C TC. Applying this 
fact to the Bianchi identities gives 

dA{^ Ux ti, U 2 ) + dA(Ui, Vt/ 2 n) = 

(V^Vn))^ - (^(Vn))^ = 2J(lu(U 1 )U 2 - w^L/i) 

(cU) dA{U x , U 2 ) = (V^w)l7a - (V Ua u)Ui (Bianchi II), 

for arbitrary U\, U2 C TL. From the first of these equations one deduces ©; from 
the second equation, that w = -ic(9_(Vn)); and from the third, that d n K — 
curl w (o- _1 (w)). " □ 

10.5. The maximally symmetric case. Since d9 is already q-invariant. I10.3t f5|) 
implies that g is torsion-reduced if and only if Vn is g-invariant. But g-invariancc 
implies fj-invariance, which, by Proposition 1 1 . 2l is the same thing as C-linearity. 
However, Vn is C-ariiz linear, by @ above, and we conclude that g is torsion- 
reduced if and only if Vn = 0. 

Suppose that Vn = 0. Then n is automatically a symmetry of g, and hence an 
infinitesimal isometry of the subriemannian contact structure. This is a consequence 
of I6.11j 3|) . Note that if the rank-one foliation generated by n fibrates over some 
surface S, then the invariant function k drops to a function on E, by © above. 
In any case, Theorem 19.51 applies. bv ll0.31f Tj). Using the formula for f2 = — curv V 
above, one applies this theorem (and its corollary) to obtain: 

Proposition (Compare with [H]). Suppose Vn = 0. Then g C J 1 (TM) has an 
associated Cartan algebroid, namely g itself. IfU C M is an arbitrary open subset, 
and go the Lie algebra of all infinitesimal isometries of the subriemannian contact 
structure on U, then dim go < rankg = 4. IfU is simply connected, then equality 
holds if and only if the function n defined by (JIJ above is constant. In that case 
go = M x b (central extension) where b is the Lie algebra of infinitesimal isometries 
(Killing fields) of the Euclidean plane, hyperbolic plane, or sphere, according to 
whether n — 0, k<0, or k > 0. 

10.6. Invariant differential operators. The normalized generator V determines 
associated invariant differential operators, as explained in !6.3l These operators will 
be invariants of the subriemannian contact structure analogous to the divergence, 
gradient, curl, etc., of a Ricmannian three-manifold. 

Noting that the structure kernel rj C g of g is an o(2)-bundle, we construct irre- 
ducible representations of g by mimicking a known construction of the irreducible 
representations of the Lie algebra o(2). At least locally, this construction accounts 
for all irreducible representations of g. 

Define Hq :=Cx AI, Hi := H, and define H2 as in 110.41 above. More generally, 
we define 

where TL is Ti with the complex structure —i. Each TLk is simultaneously a g- 
representation and a complex line-bundle, the two structures being related accord- 
ing to 

ad j q — kiq; q cHk, k ^ 0. 



(Bianchi I) 
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Every TCk is irreducible as a (real) g-representation, except Ho, which is two copies 
of the irreducible trivial representation R x M. 

Recall that for each section q C E of an irreducible g-representation E, our 
objective is to derive the decomposition of Vq C T*M Cg) E corresponding to the 
decomposition of T*M (8> E into irreducibles. When B = Kx M, q is just a real 
function and, because TM — TL® (n), the decompositions are straightforward: 

T*M ®(Rx M) = Hffi(lx M), Vq = grad w g © d n q, 

where grad w 5 and d n q are as defined previously. To analyze the case E = Jik 
(fc ^ 1) we need the decomposition of H* ®1i.k into irreducibles. To this end, note 
that for any fc ^ 1, we have an exact sequence, 

(1) -» n k+1 ^n*®H k ^ n k -! - 0, 

where 7r_ is defined implicitly via 

Q(Ui, t/ 2) Vi, . . . , V k - 2 )-Q(U 2 , Ui,V u V k - 2 ) = dA{U u U 2 ){%.Q){Vx, . . . , H- 2 ), 
for fc ^ 2, and via 

(Q(C/i), C/ 2 ) - (Q((7 2 ), C/i) - <L4([/!, U 2 )(*-Q), 

for fc = 1. In the latter case we are using the Hcrmitian product on 7i defined by 
(U, V) = a(U, V) - idA(U, V). 

A compatible pair of splitting morphisms TLk+i *— Ti,*®TLk <— 7~Lk-i are defined 
as follows: 

(n+Q)(U, Vx, ... , V k -i) = ^ ( Q(17, 7i, • . . , Vk-i) + iQ(iU, Vx, ... , V k -i) ) , 
for all k 1, and 

{sq){U x ,U 2 , V u ...,V k - 2 )= l -(u 1 ,U 2 )q{V l ,...,V k - 2 ), 
for k ^ 2, while 

for fc = 1 (q a C- valued function). 

Let q be a section of TL k - Then we have a restriction Wq\TL C H* ®H.k- As ^ 
splits, we have H* ®TLk — © Wfc+i and are led to define d + q := 7r + (Vq\H) 

and d-q := 7r_(Vg|H). That is, <9+g C 7Y/c+i and c?_ g C TL k -i are defined by 

(d + q){U, Vx,..., Vk-x) = \ ( (Vuq){Vx, V fc _i) + i(V iC /<?) (F x , . . . , V fc _i) ) , 
for any fc ^ 1, 

(V^«)(^ 2) V x ,...,V k - 2 )- (V U2 q)(Ux,Vx, ...,V k - 2 ) 

= dA(Ux,U 2 ){d-q)(Vx, . . . ,V k ^ 2 ), 

for k ^ 2, and 

(V^g, (7 2 ) - (Vi^g, C/i) = dA(Ux,U 2 ) d-q, 
for fc = 1. This last formula simply means, for q C Ti., that 

<9_g = curl w (g) -idiv n (q). 

Finally, for any section q C Tik and any fc ^ 1, we define d n q := V n g, another 
section of H k - 
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Combining our observation H* (8> Tik — Ti-k-i © Ti-k+i with the decomposition 
TM = 7i <g> (n) , we now obtain: 

Proposition. For any k 1, we have a natural decomposition 

T*M ®H k = Hk-i ®H k ® H k+ i, 
and a corresponding decomposition of operators 

V = <9_ ®d n ®d+, 
where cL_,c? n and 9+ are defined above. 

11. Advanced prolongation theory 

This section describes in detail the prolongation g^ of a surjective infinitesimal 
geometric structure g C JH. This description, obtained by 'prolonging' a generator 
of g to a generator of , is concrete enough to permit computations in examples. 
The central result, Theorem 111.21 is probably the most widely applicable in such 
calculations. This theorem is used to prove several theoretical results stated earlier; 
some special cases are also considered. 

We assume throughout that t is a transitive Lie algebroid. For basic implications, 
see Sect. IH1 under 'Assumption.' Wc continue to denote the structure kernel of g by 
f), and the associated lower coboundary morphism, defined in 19. 11 by S. 

11.1. Natural connections. Call a linear connection DongC JH natural if the 
associated jj-connection on t — see Example l6.3lj 4| — is the adjoint representation 
of g C JH on t; in symbols, if 

aD #v X + [aX,V] t = ad l x V; V C t, X C g. 

Here a: g — > t is the restricted projection J 1 1 — > t. The following proposition is 
not immediately useful in computations but is a natural intermediate result. It 
stands between the rather abstract Proposition 19 . 21 and the computationally useful 
Theorem II 1.21 given later. 

Proposition. Let D be any natural connection on g and consider the morphism, 

g Alt 2 (TM) (g) t 
Q(X)(U 1 ,U 2 ) :=a{curvD(U 1> U 2 )X), 
where a is the projection g — > t. Then: 

(1) The morphism 0: g — > h(g), defined in \9.'A coincides with the composite 

g^ Alt 2 (TM)®t^^ h(g). 

Moreover, if her S and ker have constant rank (so that g^ C J x g is an infinites- 
imal geometric structure, by Proposition \9.8\) then: 

(2) There exist natural connections on g generating g^ x \ with all generators being 
natural if = 0. 

(3) A natural connection D on g generates g^ if and only if 

curv D( ■ , ■ )X 6 Alt 2 (TM) ® f) for all X 6 ker 0. 
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Corollary. The Cartan connection V^ 1 -* in Theorem \9.4\ is the unique natural con- 
nection on g such that curvV' 1 ' takes values in the subbundle 

Alt 2 (TM) <8> g* ® F> c Alt 2 (TM ) © g* © g. 

This corollary holds because D :— is the unique generator of g^ under the 
hypotheses of Theorem 19.41 

The proposition's proof rests on parts 0$ and ([5]) of the following technical result. 

Lemma. 

(4) A linear connection D on g is natural if and only if it is a generator of the 
isotropy (J 1 g) a C J*g of a. 

(5) If D is a natural connection on g, then 

(sX • da) v (£/i,[/ 2 ) = a{cmvD{U 1 ,U 2 )X); A C 0. 
Here s: g — » J^g denotes the splitting of the exact sequence, 
-> T*M © fl -> J*g -> g -> 0. 

corresponding to D, and (sA • da) v is the 'reduction' of sX ■ da as per !9.2lj2l . 

(6) If V is a connection on t generating g and is any linear connection on t), 
then, identifying g with t © fj using the generator V, every natural connection 
on g is of the form 

D V (V @<f>) = {VuV + <j>{U)) © {V\j(t> + e(V © <j>)U), 

for some vector bundle morphism e : t © f) — » T*M © f). 

Proof. Let 13 be the deviation operator described in 18.21 Then 

[aX, V] t = ad l 7l(aX) V = &d x V - V #V X; X c g, V C t. 

It follows that 

aD #v X + [aX, V] t - &d x V = aV #v {sX) ~ V #v {p{sX) ), 

where s is the splitting in ([5]). The claim in ((4]) now follows from l8.3t fTj) and transi- 
tivity. Similarly, may be derived as a consequence of I8.3t pj) and transitivity. □ 

Proof of proposition. By (|4|), D generates (J 1 Q) a - Recalling that (J 1 g) a is surjec- 
tive (see I9.2I |TI) ) . let s: g — > (J 1 g) a denote the splitting of the exact sequence, 

(7) -> T*M ® Ij (J^),, -» fl - 0, 

determined by the generator D. By the commutativity of the diagram 19. 2[|3j ) defin- 
ing G, we have 

9(A) = 9(sX) mod im<5 = (sX ■ da) v mod ha 5. 

Invoking ([5]), we prove ([T]). Part @ of the proposition follows from Q and the 
following facts: (i) (J 1 g) a is surjective, (ii) (J 1 g) a C g^\ and (iii) g^ is surjective 
when 6 = (by Proposition 19. 2\i . Conclusion ([3]) is just a consequence of (fTJ) and 
the definition of 0. One checks that the connection in [5] is natural and, with the 
help of l4"land l9.2lf T]). that all possibilities are covered. 

□ 
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11.2. Prolonging a generator. We now show how to construct a generator for 
the prolongation g^ of g given a generator of g. Fix a generator V of g; recall that 
this is a certain linear connection on t. Also fix an arbitrary linear connection V 1 ' 
on f). (In practice, there is usually a preferred choice, and if t = TM this is always 
true; see 111.41 No canonical choice exists in general, however) . 
With V and fixed, there is vector bundle morphism 

tffif) Alt 2 (TM) (g) t 
well defined by its action on sections via 

(1) Q(V®(f>) :=curvV(-, • )V + d v </> - <S(VV)- 
Here 

d v 0(u u u 2 ) ~VuMUi))-VvMUi))-4>iPM), 

(Vfy)C:=V^. 

Theorem (Prolonging a generator of g C JH). Let g be a surjective infinitesimal 
geometric structure on a transitive Lie algebroid I, with f), V ; V 1 ', and as above. 
Use V to identify g with tffif). Then: 

(2) The composite morphism, 

fl a tffi t) Alt 2 (TAf) ® t ft(fl), 

coincides with the morphism 0: g — > /i(g) defined in \9.Sl 

(3) ker O C tffi f) is precisely the set of all V © ^ /or which the generator equation, 

5(e)=&(V®4>), 

admits a solution e G T*Af ® f). 

(4) Assuming ker 5 and ker0 /iaue constant rank (so that gW C J^g is an infin- 
itesimal geometric structure, by Provosition a linear connection V^ 1 ) on 
Q = tffif) generating gW is given by 

v { u\v®ci>) = (v v v + ^(u))®(yl(f> + €(y®4)u), 

where e : t © f) — ► T*M ® r) is anj/ o/ i/ie vector bundle morphisms for which 
e := e(V(B(f>) solves the generator equation defined in ([3]) above, for each V ®4> 
in ker©. If is surjective (i.e., = 0) then every generator is of the above 
form. 

Proof. Let D denote the general form of a natural connection on g given in ((6|), 
with e : tffif) — > T*M ffi f) completely arbitrary. If is the morphism defined in 
Proposition 1 1 1 . fl then one computes 

Q(V ffi <j>){U u U 2 ) = a( carvD(Ui, U 2 )(V © <j>) ) = Q(V © cj>) - S(e(V © </>)), 

where is the morphism defined by (UJ . Conclusion @ of the theorem now follows 
from Proposition 1 1 1 . 1 If l]) . Conclusion §5§ is just a consequence of @. One obtains 
(J3J) by taking := D; choosing e as described guarantees the curvature condition 
in Proposition 1 1 1 . It j3"j) . If = then every generator of g^ is of the stated form 
because every generator is natural (Proposition 111. fl[ 2|) ) . □ 
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11.3. Torsion revisited. The preceding theorem will allow us to prove Theorem 
19.31 relating O-reduction and torsion reduction. The appropriate argument also 
leads to an alternative form of Theorem 111.21 when t = TM. See lll. 41 below. 

Although the definition of 8 in (p} above is explicit, it depends on a choice of 
linear connection on t). Here is an implicit formula depending only on a choice 
of generator V for g: 

Proposition. Let V denote the t-connection on t associated with a generator V of 
g C JH. Then for arbitrary sections X C Q and U\,U 2 C t, one has 

Q(X)(#Ui,#U 3 ) = (A-torV + A(cocurvV(aA, ■))){U 1 ,U 2 ), 

where A is the upper coboundary morphism and a: Q — > t the projection. 

Note that cocurv V(aX, • ) is a section of T*M ® f), by Proposition 16.21(5]) . 

Proof. Since t is assumed to be transitive, there exists a linear connection on fj 
such that VjL^ = Vu for all U € t. Here V denotes the associated t-connection on 
t) discussed in I6.3tf5|) . After a little manipulation, we obtain 

(1) (dv^-*(VV))(#^i,#Ca) = (0-tarV)(CT 1 ,l7 a ); Ui,U 2 Ci. 

Note that T*M <g) t (of which is a section) acts on Alt 2 (t) <g) t as a subalgebroid of 
J t (which acts on t via adjoint action). 

Replace q in Proposition 13.61 with t and replace V there by the composite 

t ^ TM ^ [(t). 

Then part ([2|) of that proposition delivers the formula, 

curvV (#Ui,#U 2 )V = (Vy tor V)(f/i, U 2 ) - curv V (V, U X )U 2 
+ curvV(^,{/ 2 )C/; U u U 2 ,Vct. 

Applying Proposition I4.2t |4")) . we may rewrite this as, 

(2) carvV(#t7i,#t^)V= (Vytar V + A(cocurv V(V, ■))){U 1 ,U 2 ). 
Substituting ((TJ and © into the definition [Tl~2T fT|) of 9 gives, 

&{V®<P){#Ui,#U 2 ) = (VytorV + ^-torV + A(cocurvV(F, -))^(JJi-,U 2 ). 

Under the identification g = t © f) determined by the generator V, we obtain the 
stated formula. □ 

Proof of Theorem \9.3[ By Theorem lll.2t |2l) and the commutativity of l9.11f Tj) , we 

have, 

ip(6(X)) = i(Q(X)) mod im A, 

where i : Alt 2 (TM) ® t — > Alt 2 (t) (8 1 denotes inclusion. The proposition above then 
gives 

i)(@(X)) = X ■ tor V mod imA = X ■ r. 

□ 
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11.4. The special case g C J 1 (TM). We now specialize Theorem 111.21 to the 
case t = TM. As an application, we complete the proof of Theorem 19. 5[ the last 
unproven assertion of preceding sections. 

Let g C J (TM) be an infinitesimal geometric structure with structure kernel 
f) and generator V. Let V denote the dual connection, i.e., VjjV = VyU + [U, V] 
and define 

TM © f) Alt 2 (TM) (g) TM 
@(V © 4>) := V v tor V + • tor V = (V © 4>) ■ tor V. 

Theorem (Prolonging a generator of g C J 1 (TAf)). Withg, f), V, andO as above, 
we have: 

(1) TTie composite morphism, 

gSTMffi^ Alt 2 (TM) <g> TM i?(g) 

coincides with the morphism O : g — > /i(g) = -ff(g) defined in \9.2\ 

(2) ker 9cj = TM © f) is precisely the set of all V © <fr for which the generator 
equation, 

A(e) = d(V ©</>), 

admits a solution e G T*M ® f). 

(3) Assume ker A and kerO have constant rank, so that $jW C J x g is an in- 
finitesimal geometric structure (by Proposition \9.2\) and that H(q) is a g- 
representation (has constant rank). Then 0(A) = X ■ r, where r C -ff(g) is 
the intrinsic torsion. Also, a linear connection V^ 1 ^ on g = TM© f) generating 
gW is given by 

V£ } (V©$ = (V C /^ + 0(t/))ffi(V a + e(^©0)C/ + curvV(C/,y)), 

where e : TM © f) — > T*M © f) is an?/ o/ i/ie vector bundle morphisms for which 
e := e{V ®4>) solves the generator equation defined in <j2j) above, for each V ©0 
in ker8. If is surjective (i.e., 8 = 0) then every generator is of the above 
form. 

Note. The e's solving the generator equation above, and the generator equation of 
Theorem II 1.21 are different. 

Proof. In lll.2l above take t = TM and let be the TM-connection on f) associated 
with the generator V (given by l6.21 fT|) with t = tx = TM) . Then Proposition 111.31 
gives 

Q(V®<t>) = Q(V®<p) + A(cocurvV(V, •)■ 

Noting that cocurv V = — curv V and S — A (because t = TM) one obtains the 
stated results as a special case of Theorem 11.21 □ 

Proof of Theorem ] 9. 51 The hypothesis that g be torsion- reduced means = 0. So 
the generator equation defined in ([2]) has a solution for all V ffi (f> G TM © t). The 
solution is unique because A is injective, by hypothesis. Part ((T|) of 19. 51 follows. The 
Cartan connection on g in Theorem 19.51 is the unique generator of Q^ 1 '; conclusion 
([3]) above implies that it has the form given in part (|2|) of 19.51 
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Suppose g is reductive and let V be a normal generator. Then torV C C for 
some g-invariant complement C C Alt 2 (TM)®TM of the image of A. In particular, 

V v tor V + 0- tor V = (V © 0) -torV 

is a section of C. However, this last also lies in imA because its image under the 
projection 

Alt 2 (TM) ® TM ^* H{g) 

is (V © 0) • r, which vanishes because g is torsion-reduced. We conclude that 
Vy tor V + ■ tor V = 0. Part © of follows. □ 

II. 5. Symmetries of torsion- free afflne structures. We now offer a simple 
application of Theorem 111.41 Let V be a torsion- free linear connection on TM. 
Then V is a generator of J (TM). Taking g = J 1 (TA/), the generator equation in 

III. 4lj2j) reads A(e) = 0, with trivial solution e = 0. Theorem ["ll.4lj3j) delivers the 
following generator for J 2 (TM) = (J^TM))^ = g«: 

V (1) (V^©0) = (V C /F + 0(f7))©(V[/0 + curvV(k r ,F)). 

Here we are identifying g = J l (TM) with TM © (T*M ® TM) using V. 

Now let g C J 2 (TM) instead denote the isotropy subalgebroid of V, as described 
in 15.71 Then it is not too difficult to check that is even a generator for g. In 
this regard, a helpful formula, readily derived, is 

Vf^jV)^, U 2 ) = © ((J 2 V) ■ V) v ([/!, U 2 ), 

for any section V C TM. 

The generator is necessarily the Cartan connection on J X (TM) referred to 
in Proposition 1 5. 71 Its curvature is given by 

curvV (1) ([/i,£/ 2 )(^©0) = 0© ( - (VycurvV + ^-curvV)(£/i,t/ 2 )). 

In particular, curv V'- 1 -' vanishes if and only if curv V is V-parallel and T*M © TM- 
invariant. But as idxM is a section of T*M © TM, this happens if and only if 
curv V = 0. In that case we obtain 

tor VW^i ©0i, V 2 ©02 ) = (01 (V2) - 02 (Vi)) © [<f>l,<h]T*M®TM, 

where V^ 1 ) denotes the representation of J'(TM) on itself associated with the Car- 
tan connection V^ 1 - 1 on J 1 (TM). Applying Theorem 14. 5[ we recover the following 
classical result: 

Proposition. Let V be a torsion-free linear connection on TM and go the Lie 
algebra of infinitesimal isometries of V on some open set hi C M. Then dim go 
rank J 1 (T M) = n(n + 1), n = dim M. If U is simply- connected then equality holds 
if and only «/curvV = 7 in which case go is naturally isomorphic to the semidirect 
product T m M © (T^M © T m M), m e U . 

12. CONFORMAL STRUCTURES 

In this section we turn to the application of Cartan's method to conformal struc- 
tures. Our results are summarized in Theorems 112.31 [12.41 and 112.61 below. 
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12.1. The Lie algebroid setting. Let a be a Riemannian metric on a smooth 
connected manifold M, with n := dimAf 3. Let (a) denote its conformal class, 
viewed as the one-dimensional subbundlc of Sym 2 (TM) generated by the section 
a. 

Let g a C J ! (TM) denote the isotropy of a C Sym 2 (TM) (denoted g in lO]) . 
Let g C J X (TM) denote the isotropy of (a) C Sym 2 (TM). According to O] 
this means that the 1-jet of a vector field V at m <E M lies in g if and only if 
(£vcr)(m) S (<r)(m), were £ denotes Lie derivative. Evidently, the symmetries of 
A are the infinitesimal isometries of the conformal structure (a), henceforth called 
the conformal Killing fields. 

The rank of g is constant (see below) , making it an infinitesimal geometric struc- 
ture on TM. Observe that g is surjective because g a is surjective and g a C g. If 
f) CT and 1} denote the structure kernels of g a and g respectively, then 

f) = *)o © (idxAf), implying g = CT © (id TM ). 

Here (idTM) denotes the one-dimensional subbundle of T*M ®T M generated by the 
identity section idTM- If vector bundles E\ and E 2 are representations of g, then a 
vector bundle morphism <f> : E\ — > E 2 is a morphism of ^-representations if and only 
if it is a morphism of g CT -representations commuting with the action of idTM C 0- 
In particular, this applies to a ® V i-> (a <8> V)* := c(V) ® ct _1 (q;) (the transpose 
involution of T*M®TM) and to the epimorphism, skew: T*M®TM -»■ t) CT , defined 
by skew(0) := (0 — 0*). These morphisms and t) CT depend only on the conformal 
class of a. 

Because the Levi-Cevita connection V associated with a generates g a (see 19.61) . 
it also generates g D Q a . 

12.2. Classical ingredients. From elementary classical theory we know that the 
curvature of the Levi-Cevita connection V takes values in a proper subbundle 
Eweyi © -^Ricci C Alf 2 (TM) © rj CT , with i?Ricci being (for dimAf > 3) the isomorphic 
image of Sym (TM) under the monomorphism of ^-representations 

T*M © T*M coRic "> Alt 2 (TM) © t) a 
coRicci($)(Vi, V 2 ) := skew($Vi © V 2 - $F 2 © V x ). 

Eweyi C Alt 2 (TM) © \\ a is the intersection of the kernels of the so-called Bianchi 
and Ricci morphisms; see, e.g., [TH p. 230]. Whence, 

( 1 ) curv V = W + coRicci(-R) 

for uniquely determined sections W C -EWeyl and R C Sym 2 (TM). These are the 
Weyl and modified Ricci curvatures of a. Both EWeyl and -Epucci are g-subrepresentations 
of Alt 2 (TM) © rjo- and in particular we may speak of the isotropy gw C of W. If 
n = 3, -Ewcyi = 0. 

Also of significance will be the Cotton-York tensor. This is the associated exterior 
derivative d v RoiRC Sym 2 (TM) C T*M ©T*M, viewed as a T*M- value one-form 
on AT : 

d v R(U!,U 2 ) := VuMUt)) -VuMUi)) -R([Ux,U 2 }). 
Alternatively, by torsion- freeness, dyR is the image of Vi? under the composite 
T*M © Sym 2 (TM) ^ T*M © T*M © T*M -> Alt 2 (TM) © T*Af 

a©/3©7^aA/3©7. 
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Bianchi's second identity I6.5l[ 4|) for the generator V enforces a relationship be- 
tween the Cotton- York tensor d^R, and the derivative VW. In particular, it is well 
known that W = implies the vanishing of d-^R in all dimensions except three, 
where -Eweyi = and the values of dyR are restricted to a certain six-dimensional 
subbundle of Alt 2 (TM) ® T*M. 

The next two sections summarize the main conclusions of our application of 
Cartan's method to conformal structures. 

12.3. Conformal invariance of W . 

Theorem. The Weyl curvature W is an invariant of g and therefore a conformal 
invariant. 

Classically, the conformal invariance of W required an explicit check. In our proof 
of this theorem conformal invariance is simply a manifestation of the invariance 
of the morphism 8 defined in general in 19.21 as applied to the prolongation of g 
(rather than to g itself). This is invariant by construction. 

12.4. The W = case. Our second theorem likewise expresses, in invariant Lie 
algebroid language, results that are essentially classical: 

Theorem. Suppose W — 0. Then g has an associated Cartan algebroid, namely 
its prolongation g^ C J 2 (TM), which is surjective and transitive. Denoting the 
Cartan connection on by V*- 2 -*, we have: 

(1) The -parallel sections of gW C J 2 (TM) are precisely the twice-prolonged 
conformal Killing fields. 

(2) Each metric a in the conformal class determines natural isomorphisms 

g (1) =g©T*Af, g = TM©(), 

and an associated explicit formula for V^ 2 -* ^ gee I12.1"TT|T]) art<i ll2.9tfT]) below). 

(3) If n> 4, then V^ 2 -* is automatically flat. If n = 3, then V^ 2 ^ is flat if and only 
if d\jR = 0. In particular, the Lie algebra Qq of all conformal Killing fields 
over any simply- connected open set IA C M satisfies 

dim g < rankg (1) = -(n+ l)(n + 2), 
with equality holding if and only if n > 4 or d-yR = 0. 

12.5. Outline of the application of Cartan's method. Before describing par- 
tial results for the general case W ^ 0, we sketch the arguments leading to the 
results above. 

Although g C J 1 (TAf) is surjective, we have I) ^ and Theorem 12.71 does 
not apply. In 112.71 we show that g is already 8-reduced. The associated lower 
coboundary morphism is not injective and Theorem [93] is therefore not applicable. 
We turn then, in 112.81 and 112.91 to the prolongation g^ C J x g of g. Now is 
surjective (because g is O-reduced) but has non-trivial structure kernel f/ 1 ' = T*M. 

We show in ll2. 101 that g^ is already O-reduced when W = 0. The coboundary 
morphism associated with gW is injective and Theorem 19.41 applies to gW, making 
it an associated Cartan algebroid. 
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12.6. The W ^= case and intransitivity. If W ^ 0, then g^ 1 -* is no longer 
0-reduced. According to Proposition 112.101 below, the 0-reduction of is the 
preimage of Qw under the natural projection — * g. In particular, this reduction 
has Qw ^ 9 as image and is consequently not surjective. Rather than continue to 
apply Cartan's method a la 12.141 (turning next to the elementary reduction of the 
preimage of Qw), we remark that Qw itself is necessarily a reduction of g (assuming 
rank-constancy), and applying the algorithm to Qw is an easier prospect. 

Suppose that W vanishes nowhere. Then the structure kernel of Qw is contained 
within that of Q a (because id • W = —2W). Since the upper (=lower) coboundary 
morphism for g ff is injective, the same is true for Qw] the prolongation of Qw (or the 
prolongation of any reduction of Qw) will have trivial structure kernel. Singularities 
not withstanding, q will therefore have an associated Cartan algebroid that is some 
reduction of Qw, and in particular will be a subalgebroid of J 1 (TM) (in contrast 
to the W = case). A detailed argument is omitted here. 

However we proceed, the following result implies that any associated Cartan 
algebroid will be intransitive in general: Call W strongly degenerate if there exists 
a section <j> C t) such that \7yW = <fi ■ W, i.e., such that 

(V V W)(U U U 2 )U 3 = <t>W(Ui, U 2 )U 3 

- W{<f>Ux, U 2 )U 3 - W{U u cbU 2 )U 3 - W{U U U 2 )((^U 3 ) : 

for all vector fields V, Ui,U 2 ,U 3 . We shall see in the proof of the following that this 
definition is independent the choice of metric used to fix a Levi-Cevita connection 
V. 

Theorem. The isotropy Qw C J 1 (TM) is surjective (^transitive) if and only if 
W is strongly degenerate. 

The remainder of the paper is devoted to proofs of the three preceding theorems. 

12.7. The torsion reduction of q. Since q C J 1 (TM), 0-reduction is the same 
as torsion reduction. To compute it, we turn to the upper (=lower) coboundary 
morphism for q, 

T*M <g> f) Alt 2 (TM) ® TM. 

Its restriction to T*M ® t) a is nothing but the upper coboundary morphism for Q a . 
Since the latter is an isomorphism (see I9.6[) the former is surjective. In particular, 
H(q) = 0, implying q is already torsion-reduced. Theorem 19.51 does not apply, 
however, because A has non-trivial kernel. Indeed, counting dimensions, we have 

(1) rank(ker A) = rank(TM). 

12.8. The first prolongation q^K Since q is torsion-reduced (and hence 0- 
reduced) the prolongation is surjective (Proposition 12.1 3[) . By Proposition 
19.21 its structure kernel f)W is keiS = ker A. Define a map 

T*M ^ Sym 2 (TAf) ® TM 
i(a) := j s (a) -a® o-^ 1 (a), 

where js : T*M — > Sym 2 (TM) <g> TM is the canonical morphism defined by 
j a (a)(Vi,V 2 ) = a(Vi)Vi + a(V 2 )Vi. 
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Then i is a monomorphism of g- representations (dimM ^ 2). Since 

i(a)V = skew(a ® 7) + a(y)id T Af; V C TM, 
we have i(T*M) C T*M ® f>. Therefore 

i(T*M) C (T*M ® f)) n (Sym 2 (TM) ® TM) = ker A = t) (1) . 
Invoking [T2~7l fT|), we conclude that f)W = i(T*M). 

12.9. A generator for gW. To obtain a generator for g^ we apply Theorem 1 11. 41 

Recalling that the Levi-Cevita connection V generates 9, we compute 9 = 0. We 
may therefore take e = in II 1 .41 and, using V to identify g with TM © f), obtain 

(1) V^(VS0) := (VuV + (j)(U)) ® (Vuq) + cmvV(U,V)). 
We compute, with the help of Bianchi's second identity, 

curvV (1) (C7i, U 2 )(V © (f>) = © ( - (Vy curv V + • curvV)(E7i, C7" 2 ) ) . 
This formula may also be written 

(2) curvV (1) (t/i,C/ 2 )X = -(X-curvV)(C/i,C/ 2 )ct) CT ; X C g. 

12.10. The 9-reduction of gW. Since gW C J x g is surjective and g is transitive, 
the 8-reduction of g^ is the kernel of a morphism gW — > /i(gW), which we denote 
by Q^' , to distinguish it from the corresponding morphism O: g — ► /i(g) for g; see 
19.21 The definition of h(g^) depends on the lower coboundary morphism for gW, 
which we denote by 

T*M ® f)W ^-U Alt 2 (TM) ® g. 
Identifying f)^ 1 ) with T*M as described above, one shows that 5^ is the map 
a (8> /9 1— » coRicci(a ® /3) + (a A /}) ® idrM- 

Note that the first term on the right belongs to Alt 2 (TM) <g> f} CT and the second to 
Alt 2 (TM) ® (id TA/ ). In particular, the image of tfW lies entirely within Alt 2 (TM) ® 
I)- 

Since coRicci is injective (n ^ 3) we have kerc^ 1 * 1 = 0. Therefore the second 
prolongation g^ ;= {g^Y 1 ^ of g has trivial structure kernel (Proposition 19. 2\ . In 
particular, h(g^) := (Alt (TM) ® g) / \va.8^ has constant rank. 

Next, we observe that the composite morphism of g-representations, 

E Wcyl ^ Alt 2 (TM) Qf),,^ Alt 2 (TM) ® g fr(g (1) ) 
is injective. This follows from the description of <JW above, and 

Eweyl H -^Ricci = 0, 

where £R icc i = coRicci(Sym 2 (TM)). 
Identifying £?wcyi with the corresponding g-subrepresentation of /i(gW), we have: 
Proposition. The following diagram commutes: 

g™ h( 9 W) 



projection 



inclusion . 



X^-X-W 



3 



Wcyl 
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Using the fact that gW and O^ 1 ) are invariants of g, together with the fact that 
idrAf is a section of g, one deduces Theorem 112.31 The proposition also shows 
that the 8-reduction of g^ (the kernel of Q^) is the preimage of gw under the 
projection g^ — > g. 

To prove Theorem 112.61 apply Lemma IB. II to the morphism X i— » W ■ X : g — » 
-S'Weyi) to show that 0iy has image -D C TM (a possibly singular distribution on 
M) , where D is the kernel of the morphism 

TM -» £ W eyl/(f] • 

V i ^ VyTU mod t) • W. 

Recall here that f) C T*M ® TM is the vector bundle whose fiber t) (m) over m is 
the Lie algebra of all infinitesimally conformal endomorphisms of T m M. This Lie 
algebra acts on Eyf ey \(m) and 

f) • W = (J {0 • W(m) | e f)(m)}. 
Evidently, FT is strongly degenerate if and only if D = TM. 

Proof of proposition. We will apply part of Theorem lll.2| with the roles of 
0,t,f),<5,0,©,0 (1) in the theorem being played by gW , g, f)« , S« , G^, <S>W , g^ . 

Our first task is to choose a connection V 1 ^ ' on [). The Levi-Cevita connection 
V on TM determines a linear connection on T*M ® (T*M <g> TM) and one has a 
chain of inclusions 

t) (1) C T*M <8> f) C T*M <g> (TM ® TM), 

which we claim are V-invariant. The V-invariance of f) C T*M <g> TM follows 
from Proposition 16. 2lj2j ). So the second inclusion is indeed V-invariant. Because V 
generates g and because 

A : T*M <g> f) -> Alt 2 (TM) ® TM 

is g-equi variant, it follows that A is V-equivariant (by Proposition 16. 3p . But V 
is torsion free, meaning V-invariance is the same as V-invariance. So the kernel 
c T*M (g> h of A must be V-invariant, as claimed. 
We choose V 1 ^ 1 ' to be the connection that f^ 1 - 1 inherits from T*M ® [) as a V- 
invariant subbundle. Appealing to ll2.9t fT]) and the fact that f) (1) C Sym 2 (TM) ® 
TM, one can show that 

(1) ( d v<1) - <yW (V" (1> <£) ) (Pi , C/ 2 ) = 0(tor V(Ui, c/ 2 )) = o, 

for all sections <j) C t) (1) C T*M ® f) C T*M <g> g and U x , U 2 C TM. 
In the present context 1 1 1 . 2lf p~j) reads 

9 (1) (Iffi^) :=curvV (1) (-, • )X - d vW + <5 (1) (V^V)- 
From [T2~9lf2|) and Q above one obtains 

(2) 9 (1) (A © 0) = -A • curv V = -X ■ W + coRicci(X ■ R), 

for arbitrary sections X C g and C fj' 1 ^. Since : g^ 1 ' — > h(g^) is the 
composite 

fl (D * 9 [,« ^ Alt 2 (TM) ® g 
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and because the image of S^ 1 ' contains the image of coRicci, this completes the 
proof. □ 

12.11. The W = case. By the above, is O-reduced if and only if gw = 0- 
But as idyjvf C T*M ® TM C J 1 (TM) is a section of Q, this is clearly equivalent 
to the vanishing of W. 

Assuming W = 0, Theorem 19.41 applies (with g and t in the theorem replaced 
with and g), establishing our claim that g'- 1 -' is the Cartan algebroid associated 
with g when W — 0. To compute the Cartan connection on gW we will now 
apply parts (|3]) and g]) of Theorem [Tl~2l 

In the present context, the generator equation defined in lll.2l[3ll reads 

5 (1) (e) + coRicci(A-i?) = 0. 

We have used ([2|) above. Referring to the description of 5^ in ll2.101 we see that a 
solution is given by e = —XR. Using V' 1 ) to identify gW with g©f)W, and keeping 
in mind the identification IjW = T*M implicit above, we deduce from lll.2t| 4|). 

(1) Vf(lea) = (v[ / 1) X + skew(a®C/) + a(C/)id TM ) © ( Vc/a + (X • R)U ), 

for arbitrary sections Xcg and a C T*M. 
We claim 

(2) curvV (2) (t/i,C/ 2 )(X©a) = (X • d v R){U u U 2 ), 

where d^R is the Cotton- York tensor, defined in 112.21 In particular, whenever 
W — 0, the tensor dxjR is a conformal invariant which vanishes if and only if V*- 2 - 1 
is flat, i.e., if and only if the Cartan algebroid g^ is flat (Theorem I4.5|) . This 
completes the proof of Theorem 112.41 

Proof of ([2]). Since W = we have curvV = coRicci(i?) and, with a little effort, 
one computes 

curv V^C/i, U 2 )(X ®a) = -((VgJjC) ■ i?)L7 2 - ((X • R)U 2 ) 

+ ((Vgx) • i?)C/! + Vtr, ((X • i?)t/i) 
-(X-i?)([C/ 1 ,[/ 2 ]). 

Equation (0) now follows from the readily verified identities 

(V^X) • V = Vc/(X ■ V) - X ■ (VtrV) + V x .[/^ for A C g, U C TM; 
(V^X) ■ a = Vc/(X • a) - X • (Vya) + V X -ua for X C g, a C T*M. 

One also makes use of the fact that tor V = 0. □ 

Appendix A. Cartan groupoids and Lie pseudogroups 

We now explain how flat Cartan algebroids may be viewed as infinitesimal ver- 
sions of Lie pseudogroups; and conversely, how Lie pseudogroups integrate flat 
Cartan algebroids. As a byproduct of this discussion, we are led to define Cartan 
groupoids. These are the global versions of Cartan algebroids and may be viewed 
as deformations of Lie pseudogroups. Flat Cartan groupoids appear in [22. where 
they are called 'groupoid etalifications.' 
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A.l. Lie pseudogroups via pseudoactions. Let us explain, in invariant groupoid 
language, what it means for a pseudogroup to be a Lie pseudogroup. For the clas- 
sical description see, e.g., [2"T] . 

A group of transformations in a smooth manifold M is a Lie group of transforma- 
tions if it arises from the (smooth) action of some abstract Lie group. Analogously, 
we declare an arbitrary pseudogroup of transformations in M to be a Lie pseu- 
dogroup if it is arises from the pseudoaction of some Lie groupoid. It remains to 
explain what we mean by pseudoactions and the pseudogroups of transformations 
they define. We shall understand all constructions to be made in the smooth cate- 
gory. 

Let G be a Lie groupoid over M. Call an immersed submanifold E C G a 
pseudotransformation if the restrictions to E of the groupoid's source and target 
maps are local diffeomorphisms. In other words, each point of E should have an 
open neighborhood in E that is a (smooth) local bisection of G. For example, the 
pseudotransformations of the pair groupoid M x M are the local transformations 
in M taking possibly multiple values. 

A pseudoaction of G on M is any foliation T on G such that: 

(1) The leaves of T are pseudotransformations. 

(2) T is multiplicatively closed. 

To define what is meant in @ let T denote the collection of those subsets of G 
that are simultaneously an open subset of some leaf of T, and a local bisection. 
Let G denote the collection of all local bisections of G, this being a groupoid over 
the power set of M. Then condition @ is the requirement that T c G be a 
subgroupoid. 

Given a pseudoaction T of G on M, each element of T defines a local diffeomor- 
phism in M and, by ((5J), the collection of all such local diffeomorphisms constitutes 
a pseudogroup of transformations in M. For example, if G is an action groupoid 
G = Go x M, then the canonical horizontal foliation T furnishes us with the usual 
pseudogroup of transformations associated with the prescribed action of the Lie 
group G - 

A. 2. The flat Cartan algebroid associated with a Lie pseudogroup. Let 

Q be a Lie pseudogroup of transformations in M. Then Q is generated by the 
pseudoaction T of some Lie groupoid G over M. Define T as in IA. II above. Then 
each point g G G lies in some bisection b e T and all such bisections have the 
same one-jet at g. Thus T defines a map Df. G — > J 1 G into the Lie groupoid of 
all one-jets of bisections of G. This map, which is a right inverse for the natural 
projection J 1 G — > G, is a groupoid morphism because T is multiplicatively closed. 

An arbitrary groupoid morphism D.G — > J^G furnishing a right inverse for 
J 1 G — > G is what we call a Cartan connection on G. These connections may be 
viewed as certain 'multiplicatively closed' distributions on G. The connection D 
is Frobenius integrable precisely when it comes from a pseudoaction T as above, 
in which case D is simply the tangent distribution. A Lie groupoid equipped with 
a (possibly non-integrable) Cartan connection is a Cartan groupoid. Thus Cartan 
groupoids are deformed Lie pseudogroups. 

Differentiating a Cartan connection D: G — > J 1 G, we obtain a splitting g — > J 1 ^ 
for the exact sequence of Lie algebroids 

(1) O^T*M® ^ J^^g^O. 
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This splitting will be a morphism of Lie algebroids, i.e., amounts to a Cartan 
connection V on g, as defined in 14.11 If D = Djr for some pseudoaction T as 
above, then D is Frobenius integrable and we claim that this implies curvV = 0, 
so that g is flat (Theorem 14.51) : g is then a flat Cartan algebroid associated with 
the pseudogroup Q generated by T. 

A. 3. The Lie pseudogroup integrating a flat Cartan algebroid. Let g be 

a Cartan algebroid over M with Cartan connection V and assume g is the Lie 
algebroid of some Lie groupoid G. For simplicity, suppose G has connected source- 
fibers. The connection V determines a Lie algebroid morphism g — > J x g splitting 
the exact sequence IA.2t[ Tj). By the groupoid version of Lie's Second Theorem, this 
morphism integrates to a groupoid morphism D : G — > J G, i.e., to a Cartan con- 
nection on the Lie groupoid G. Supposing g is flat, we have curv V = (Theorem 
14. 5p . and we claim this guarantees that D is Frobenius integrable. The integrating 
foliation J 7 is a pseudoaction generating a Lie pseudogroup Q of transformations in 
M. 

For each locally defined V-parallel section X C g, the vector field #X C TM 
integrates to a one-parameter family of local transformations belonging to Q. Con- 
versely each transformation in the pseudogroup Q — or at least each transformation 
'close' to the identity — arises as the time-one map associated with such a vector 
field. In this sense Q integrates the flat Cartan algebroid g. 

Appendix B. Miscellany 

B. l. On morphisms whose domains sit in a short exact sequence. The 

proof of the following is a straightforward diagram chase. 

Lemma (Algebraic Lemma). In the category of vector spaces, or of vector bundles 
over M, let 9 : B — > B\ be an arbitrary morphism, Bq its kernel, and suppose B 
occurs in some exact sequence 

-> A^> B -> C -► 0. 

Then the sequence 

-> A — Bo -> Co -> 

is also exact, where Ao C A and Co C C are defined in {T) below, and where 
Bo — > Co is the restriction of B — > C. 

(1) Let Ao and denote, respectively, the kernel and image of the composite 
morphism A <-+ B — * B±. Put C\ := B±/A± to obtain an exact sequence 

-► Ai ^ B 1 -► Ci -> 0. 

Then there exists a unique morphism 0: C — * Ci such that 

B > C 

e e 

Si > C 1 

is commutative. Define Co to be the kernel of 9. 
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B.2. Gluing Lie algebroid 'point' invariants into global invariants. Let g 

be a transitive Lie algebroid over M and \) C g the kernel of its anchor. Let E be 
a g-representation. Each fiber E)(m) of fj is a Lie algebra acting on the vector space 
E(m). The following lemma furnishes conditions under which the the existence of 
t)(m)-invariant elements o~(m) e E(m), for each m £ M, implies the existence of 
global g-invariant sections a C E. For applications, see 15.31 

Lemma (Extension Lemma). Suppose that M is simply-connected and that the 
set E^ C E of fj-invariant elements has constant rank r > 0. Then E possesses a 
non-vanishing g-invariant section a. If r = 1, then a is unique up to constant. 

Proof. Noting that Y C f) implies [X, Y] g C t), the identity 

y • (X ■ a) = X ■ (Y ■ a) - [X, Y] g ■ a; X c 0, Y C f), a c E, 

shows that the rank-r subbundle E** C E is g-invariant. Because f) acts trivially 
on E^, the representation g —> gl(E^) factors through the anchor, delivering a 
representation TM — » g[(£' 1 '), i.e., a /?crf linear connection fl on B 11 . One takes a 
to be any non- vanishing D-parallel section of E^ , whose existence is guaranteed by 
flatness and the simple-connectivity of M. The uniqueness claim is clear. □ 

B.3. Proof of Proposition 110731 Let V be any generator of g. Then as 7i, a, n, 9 
and d9 are all g- invariant, they are all V-invariant (Proposition 16. 3j) . From the 
V-invariance of a and n, one immediately computes 

(1) (V uC r)(\4,F 2 )= ( r((torV(C/)) syin F 1 ,T/2) 

(2) and Vn = torV(n), 

where torV(t/) := torV(C/, •) C T*M <g> TM and U,Vi,V 2 are arbitrary vector 
fields on M. Here and in the sequel a subscript sym (or alt) on any type of 2-tensor 
indicates its symmetrization (resp. skew-symmetrization), defined using the metric 
a as appropriate. For any 2-tensor (f>, we have (j) = ((f> sym + </>ait)/2. 

From (HI) it follows that V„n = 0. From © and the V -invariance of 9, we 
compute, 

0(Wn) = 6 (tor V(n, V)) = d9(n, V) = 0; V C TM. 
So Vyn is H-valued, for any V C TM. This establishes HHTJIEI)- 

Now Alt 2 (7Y) is rank-one and spanned by dA, implying that the restriction of 
torV to H (a section of Alt (Ti)) is of the form dA ® V, for some vector field 
V C TM. However, the V-invariance of 9 gives, 

9(toiV(U u U 2 )) = de(U u U 2 ) = dA{U u U 2 ), 
for arbitrary U%,U 2 C H., implying 9{V) — 1. We conclude that, 

(3) (torV)|H = dA®(b + n), 
for some unique section bcH. Equation (fl} now gives 

(V C /<7)(Fi,F 2 ) = dA(C/,Fi)a(b,y 2 ) + dA(C/,F 2 )<7(b,F 1 ); U,V U V 2 CH. 
It is not hard to see that this implies 

(4) b = Va\H = 0. 
From ([2|) and ((3]) we obtain, 

torV(t r i +oin, C/ 2 + a 2 n) = aiV[/ 2 n - a 2 Vu 1 n + dA^, {7 2 )(b + n). 
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Therefore, if V is a generator satisfying Va\TL = 0, as in I10.3l| 3|). then I10.3l| 4|) 
becomes a consequence of ((4]) above. 

If Vn C (H* O H) sym then © implies that (tor V(n)) sym = Vn, so that nOIjfJ|) 
follows from (JTJ) (take U :— n). 

We return to supposing that V is an arbitrary generator of g. To establish the 
remaining claims of the proposition we require a detailed analysis of the upper 
coboundary morphism, 

(5) T*M <g> f) Alt 2 (TAf) ® TAf. 

By Proposition MM we have [) = (Ix M), so that T*M ® f) = T*M. With the 
help of the g-invariant splitting TM — TL® (n) and a little multilinear algebra, one 
identifies a natural isomorphism of g-representations, 

(6) Alt 2 (TAf ) ® TAf S Alt 2 (TM) © (W ® H) sym © W © (R x Af), 

where (H* © W) sym C TL* © H denotes the g-subrepresentation of symmetric ele- 
ments. We write <p = </>i © fa © (j>3 © 04 an d describe the component morphisms </>j 
at the end. Knowing the , one readily establishes the following: 

Lemma. Under the identifications above, we have: 

(7) The torsion tor V C Alt 2 (TAf) ® TM is given by, 

tor V = d9 © ( Vn) sym © b © /, 

where / C (R X Af) is the function on Af defined by (Vn) alt [/ = fJU. 

(8) The upper coboundary morphism A takes the form 

T*Af -A+ Alt 2 (TAf) © (H*®H) sym © W © (R x Af ) 

a © © -2cr" 1 (a;)|H © a(n) 

In particular, A is injective, and its image has complement, 

C := Alt 2 (TM) © (H* © H) sym © © 0, 

which is g-invariant because the splitting (J6j) is g-invariant. This establishes 1 1 .3lfTj ) . 
Also, we obtain g-invariant isomorphisms, 

ff(g) a C a Alt 2 (TAf) © (W* © 7f) syra . 

This proves the first part of I10.3[ [5|). 

Now (0 shows that tor V C C if and only if b = and / = 0. These are true if 
and only if \7a\H = (by 0}) and Vn C (TL* © H) sym . This finishes the proof of 

With V fixed a la fTOP)) , we have (Vn) syra = Vn and © gives, 

tor V = d6> © Vn © © 0. 

Under our identifications, the canonical projection Alt 2 (TM ) © TAf — > ff(g) is just 
the map 

Alt 2 (TM) © (7f ® 7f) sym © W © (R x Af) -> Alt 2 (TAf ) © (H* © H) sym 

A©^ffiC/ffis^A©^. 

The corresponding map of section spaces sends tor V to the intrinsic torsion r, so 
that 

t = d0 © Vn. 

This finishes the proof of I10.3l[ 5|) and the proposition. 
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The definitions of 0i, 02, 03, 04. The morphism 0i is the composite morphism 

Alt 2 (TM) ® TM -» Alt 2 (TM) <g> (n) ^ Alt 2 (TM), 

where the first arrow is the identity on Alt 2 (TM) tensored with the orthogonal 
projection TM — ► (n). The morphism 02 is the composite 

Alt 2 (TAf) ® TM -> T*Af ®TM ®H-^ (H* ® W) sym , 

where the first arrow is contraction p i— ► ^(n, • ), the second arrow is obtained by 
tensoring the restriction T*Af — > 7i* with orthogonal projection TM — > 7Y, and the 
third arrow is symmetrization. The morphism 03 is the composite 

Alt 2 (TAjf) <g> TM -> Alt 2 (H) ® H = (dA) ®H = H, 

where the first arrow is the restriction Alt 2 (TM) -> A\t 2 (U) tensored with orthog- 
onal projection TM — > TL. The morphism 04 is the composite 

Alt 2 (TM) ® TM -» k\t 2 (H) ® (n) = (dA) © (n) = (M x M), 

where the first arrow is restriction tensored with orthogonal projection. 

Relationship with the Levi-Cevita connection. Although we have no need to do 
so, it is not difficult to express the generator V fixed in © in terms of the Levi- 
Cevita connection V associated with a: 

VuV = V\j c V - e(V)U, 

where e C T*M ® (T*M ® TM) alt is defined by 

e(n) = i(V L " c n) alt , 

e(U) = (0 ® V[}- C n) alt for U C H, 

or e(U)V = (JVy C n) x V for U C H and V C TM. 

Here x denotes cross product and (T*M ® TM) alt C T*M ® TM denotes the 
g-subrepresentation of skew-symmetric elements. 

B.4. On J 2 t as a subbundle of J 1 (J 1 t)). Here we prove Proposition 18.21 and 
Lemma 18. II which describe properties of the second jet bundle J 2 t of an arbitrary 
vector bundle t. 

Evidently the formula for io\ in Proposition 18.21 defines, at the very least, a 
linear map of section spaces, T(J 1 (J 1 t)) -> T(T*M <g> J x t). Employing IQlfTj) , one 
shows that = /u>i£ for any smooth function /. This implies that the map 

of section spaces drops to a well defined morphism of vector bundles. A similar 
argument applies to u>2- 

It is not difficult to show that J 2 t C Jit and, moreover, that J 2 t C kerw2- To 
finish the proof of the proposition it suffices to show that J 2 t and ker u>2 have the 
same rank. 

Noting that J 1 (J 1 t) sits in an exact sequence, 

-> T*M Jh -> J X (JH) -> Jh -> 0, 

we apply the Algebraic Lemma IB. II to the morphism oji : J 1 (J 1 t) — > T*M (g> t and 
derive an exact sequence, 

-> T*M © T*M <g> t -> J 2 1 -> JH -> 0. 
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Next, applying the Algebraic Lemma to the morphism lu2 : J\i — > Alt 2 (TM) g) t, 
we derive an exact sequence 

-> Sym 2 (TAf) ® t -> kerw 2 -> JH -> 0. 

Since J 2 t itself occurs in a natural exact sequence 

-> Sym 2 (TM) <g> t -> J 2 t -> JH -> 0, 

the bundles kerw2 and J 2 t have the same rank. 

Recalling that J C JH is holonomic if and only if VX = 0, it is not hard to see 
that X is holonomic if and only if J X X C keiu>2- Lemma \8A\ is then a corollary of 
Proposition 18.21 
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